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INDUCTIVE CONSTRUCTION OF THE p-ADIC ZETA
FUNCTIONS FOR NON-COMMUTATIVE p-EXTENSIONS
OF TOTALLY REAL FIELDS WITH EXPONENT p
TAKASHI HARA
Abstract. We construct the p-adic zeta function for a one-dimensional
(as a p-adic Lie extension) non-commutative p-extension F∞ of a totally
real number field F such that the finite part of its Galois group G is a
p-group with exponent p. We first calculate the Whitehead groups of
the Iwasawa algebra Λ(G) and its canonical Ore localisation Λ(G)S by
using Oliver-Taylor’s theory upon integral logarithms. This calculation
reduces the existence of the non-commutative p-adic zeta function to cer-
tain congruence conditions among abelian p-adic zeta pseudomeasures.
Then we finally verify these congruences by using Deligne-Ribet’s theory
and certain inductive technique. As an application we shall prove a spe-
cial case of (the p-part of) the non-commutative equivariant Tamagawa
number conjecture for critical Tate motives. The main results of this
paper give generalisation of those of the preceding paper of the author.
0. Introduction
One of the most important topics in non-commutative Iwasawa theory
is to construct the p-adic zeta function and to verify the main conjecture,
as well as in classical theory. Up to the present, there have been several
successful examples upon this topic for p-adic Lie extensions of totally real
number fields: the results of Ju¨rgen Ritter and Alfred Weiss [RW7], Kazuya
Kato [Kato2], Mahesh Kakde [Kakde1] and so on. In this article, we shall
construct different type of example for certain non-commutative p-extensions
of totally real number fields.
Let p be a positive odd prime number and F a totally real number field.
Let F∞ be a totally real p-adic Lie extension of F which contains the cyclo-
tomic Zp-extension Fcyc of F , and assume that all but finitely many primes
of F ramify in F∞. For a moment we admit Iwasawa’s µ = 0 conjecture to
simplify conditions (see Section 1.1 (F∞-3) for more general µ = 0 condi-
tion). The aim of this article is to prove the following theorem under these
conditions:
Theorem 0.1 (=Theorem 3.1). Let G denote the Galois group of F∞/F .
Then for F∞/F the p-adic zeta function ξF∞/F exists and the Iwasawa main
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conjecture is true if G is isomorphic to the direct product of a finite p-group
Gf with exponent p and the abelian p-adic Lie group Γ isomorphic to Zp.
We shall review the characterisation of the p-adic zeta function and the
precise statement of the non-commutative Iwasawa main conjecture in Sec-
tion 1.1. In the preceding paper [H], we constructed the p-adic zeta function
and verified the main conjecture when the Galois group Gal(F∞/F ) is iso-
morphic to the pro-p group
1 Fp Fp Fp
0 1 Fp Fp
0 0 1 Fp
0 0 0 1
× Γ
and p is not equal to either 2 or 3. Theorem 0.1 generalises this result.
Philosophically the Iwasawa main conjecture is closely related to the spe-
cial values of L-functions (as implied by many people including Kazuya Kato,
Annette Huber-Klawitter, Guido Kings, David Burns, Mathias Flach,......);
hence our main theorem (Theorem 0.1) should also suggest validity of con-
jectures upon these values in some sense even in non-commutative coef-
ficient cases. In fact we may verify a special case of (the p-part of) the
equivariant Tamagawa number conjecture for critical Tate motives with
non-commutative coefficient combining Theorem 0.1 with descent theory
established by David Burns and Otmar Venjakob [BurVen].
Corollary 0.2 (=Corollary 3.7). Let F∞ be a p-adic Lie extension of a
totally real number field F as in Theorem 0.1 and F ′ an arbitrary finite
Galois subextension of F∞/F . Then for an arbitrary natural number r di-
visible by p − 1, the p-part of the equivariant Tamagawa number conjecture
for Q(1− r)F ′/F is true (here Q(1− r)F ′/F = h0(SpecF ′)(1− r) denotes the
(1− r)-fold Tate motive regarded as defined over F ).
This may also be regarded as an analogue of the cohomological Lichten-
baum conjecture (in special cases), which was proven by Barry Mazur and
Andrew Wiles [MazWil, Wiles] when F ′ is the same field as F—the Bloch-
Kato conjecture case— as the direct consequence of the main conjecture (for
commutative cases) which they verified. Later we shall give a brief review
upon the formulation of the equivariant Tamagawa number conjecture for
Tate motives (see Section 1.2).
Now let us summarise the main idea to prove Theorem 0.1. Consider the
family FB of all pairs (U, V ) such that U is an open subgroup of G containing
Γ and V is the commutator subgroup of U . By classical induction theorem
of Richard Brauer [Serre1, The´ore`m 22], an arbitrary Artin representation
of G is isomorphic to a Z-linear combination of representations induced by
characters of abelian groups U/V (as a virtual representation) where each
(U, V ) is in FB. Let θU,V and θS,U,V denote the composite maps
K1(Λ(G))
norm−−−→ K1(Λ(U)) canonical−−−−−→ Λ(U/V )×,
K1(Λ(G)S)
norm−−−→ K1(Λ(U)S) canonical−−−−−→ Λ(U/V )×S
for each (U, V ) in FB where Λ(G)S (resp. Λ(U)S , Λ(U/V )S) is the canon-
ical Ore localisation of the Iwasawa algebra Λ(G) (resp. Λ(U), Λ(U/V ))
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introduced in [CFKSV, Section 2] (see also Section 1 in this article). Set
θ = (θU,V )(U,V )∈FB and θS = (θS,U,V )(U,V )∈FB .
Let FU (resp. FV ) be the maximal subfield of F∞ fixed by U (resp. V ).
Then the p-adic zeta function exists for each abelian extension FV /FU ; Pierre
Deligne and Kenneth Alan Ribet first constructed it [DR], and by using their
results Jean-Pierre Serre reconstructed it as a unique element ξU,V in the
total quotient ring of Λ(U/V ) which satisfies certain interpolation formulae
[Serre2]. Now suppose that there exists an element ξ in K1(Λ(G)S) which
satisfies the equation
θS(ξ) = (ξU,V )(U,V )∈FB .(0.1)
Then we may verify by Brauer induction that ξ satisfies an interpolation
formula which characterises ξ as the p-adic zeta function for F∞/F . This
observation motivates us to prove that (ξU,V )(U,V )∈FB is contained in the
image of θS . It seems, however, to be difficult in general to characterise
the image of the theta map θS completely for the localised Iwasawa algebra
Λ(G)S . Therefore we shall first determine the image of the theta map θ
for the (integral) Iwasawa algebra Λ(G), and then construct an element ξ
satisfying (0.1) by using this calculation and certain diagram chasing. The
strategy which we introduced here was first proposed by David Burns (and
hence we call this method Burns’ technique in this article). We shall discuss
its details in Section 2.
Let (U, {e}) be an element in FB such that the cardinality of the finite
part of U is at most p2 (and U is hence abelian). Let IS,U denote the image
of θS,U,{e} for each of such (U, {e})’s. By virtue of Burns’ technique, we may
reduce the condition for (ξU,V )(U,V )∈FB to be contained in the image of θS
to the following type of congruence:
ξU,{e} ≡ ϕ(ξG,[G,G])(G:U)/p mod IS,U
where ϕ is the Frobenius endomorphism ϕ : Λ(Gab)S → Λ(Γ)(p) induced
by the group homomorphism Gab → Γ; g 7→ gp. Kato, Ritter, Weiss and
Kakde verified such type of congruence when the index (G : U) exactly
equals p [Kato2, RW6, Kakde1] by using the theory of Deligne and Ribet
upon Hilbert modular forms [DR]. It seems, however, to be almost impossi-
ble to deduce such congruences only from Deligne-Ribet’s theory when the
index (G : U) is strictly larger than p. Nevertheless in Sections 8 and 9
we shall verify these congruences by combining Deligne-Ribet’s theory with
certain inductive technique which was first introduced in [H].
In computation of the images of θ and θS we use theory upon p-adic
logarithmic homomorphisms. This causes ambiguity upon p-power torsion
elements in the whole calculation, and hence we have to eliminate this ambi-
guity as the final step of the proof. We shall complete this step by utilising
the existence of the p-adic zeta functions for Ritter-Weiss-type extensions
[RW7] and certain inductive arguments.
The detailed content of this article is as follows. We shall briefly review
the basic formulations of the non-commutative Iwasawa main conjecture and
the equivariant Tamagawa number conjecture in Section 1. Then we dis-
cuss David Burns’ outstanding strategy for construction of the p-adic zeta
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function in Section 2. The precise statement of our main theorem and its
application will be dealt with in Section 3. Sections 4, 5 and 6 are devoted to
computation of the image of (a certain variant of) the theta map θ˜; we first
construct “the additive theta isomorphism” θ+ in Section 4, and then trans-
late it into the multiplicative morphism θ˜ by utilising logarithmic homomor-
phisms in Section 6. Section 5 is the preliminary section for Section 6. We
study the image of the norm map θ˜S for the localised Iwasawa algebra Λ(G)S
in Section 7, and derive certain “weak congruences” upon abelian p-adic zeta
pseudomeasures in Section 8 by applying Deligne-Ribet’s q-expansion prin-
ciple [DR] and Ritter-Weiss’ approximation technique [RW6]. In Section 9
we refine the congruences obtained in the previous section by using induc-
tion, and construct the p-adic zeta function “modulo p-torsion.” We shall
finally eliminate ambiguity of the p-power torsion part.
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Notation. In this article, p always denotes a positive prime number. We
denote by N the set of natural numbers (the set of strictly positive integers).
We also denote by Z (resp. Zp) the ring of integers (resp. p-adic integers).
The symbol Q (resp. Qp) denotes the rational number field (resp. the p-adic
number field). For an arbitrary group G let Conj(G) denote the set of all
conjugacy classes ofG. For an arbitrary pro-finite group P , we always denote
by Λ(P ) its Iwasawa algebra over Zp and by Ω(P ) its Iwasawa algebra over
Fp. More specifically, Λ(P ) and Ω(P ) are defined by
Λ(P ) = lim←−
U
Zp[P/U ], Ω(P ) = lim←−
U
Fp[P/U ]
where U runs over all open normal subgroups of P . Let Γ denote the commu-
tative p-adic Lie group isomorphic to Zp (corresponding to the Galois group
of the cyclotomic Zp-extension). Throughout this paper, we fix a topological
generator γ of Γ. In other words, we fix Iwasawa-Serre isomorphisms
Λ(Γ)
∼−→ Zp[[T ]], Ω(Γ) ∼−→ Fp[[T ]]
γ 7→ 1 + T γ 7→ 1 + T
where Zp[[T ]] (resp. Fp[[T ]]) is the formal power series ring over Zp (resp. Fp).
For an arbitrary p-adic Lie group W isomorphic to the direct product of a
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finite p-group and Γ, W f denotes the finite part of W . We always assume
that every associative ring has unity. The centre of an associative ring R
is denoted by Z(R). For an associative ring R, we denote by Mn(R) the
ring of n × n-matrices with entries in R and by GLn(R) the multiplicative
group of Mn(R). We always consider that all Grothendieck groups are addi-
tive abelian groups, whereas all Whitehead groups are multiplicative abelian
groups. For an arbitrary multiplicative abelian group A, let Ap-tors (resp.
Ators) denote the p-power torsion part (resp. the torsion part) of A. We set
K˜1(R) = K1(R)/K1(R)p-tors for an arbitrary associative ring R. Similarly
we set Λ˜(P )× = Λ(P )×/Λ(P )×p-tors for an arbitrary pro-finite group P .
Acknowledgements. The author would like to express his sincere gratitude
to Professor Takeshi Tsuji for much fruitful discussion and many helpful
comments (especially the suggestion that we use augmentation ideals in the
translation of the additive theta isomorphism, see Section 5.1 for details). He
is also grateful to Mahesh Kakde for useful comments upon the preliminary
version of this article.
1. Reviews upon non-commutative arithmetic theory
In this section we shall review the formulations of the non-commutative
Iwasawa main conjecture (only for the cases of totally real number fields) and
the equivariant Tamagawa number conjecture (only for the Tate motives).
Refer to [Bass, Swan] for basic results upon (low-dimensional) algebraic
K-theory used in this section.
1.1. Non-commutative Iwasawa theory for totally real fields. In
this subsection we review the formulation of the non-commutative Iwa-
sawa main conjecture for totally real number fields following John Henry
Coates, Takako Fukaya, Kazuya Kato, Ramdorai Sujatha and Otmar Ven-
jakob [CFKSV, FukKat]. We remark that Ju¨rgen Ritter and Alfred Weiss
also formulated the non-commutative Iwasawa main conjecture —“the ‘main
conjecture’ of equivariant Iwasawa theory” in their terminology— in some-
what different manner [RW1, RW2, RW3, RW4]. Let F be a totally real
number field and p a positive odd prime number. Let F∞ be a totally real
p-adic Lie extension of F satisfying the following three conditions:
(F∞-1) the cyclotomic Zp-extension Fcyc of F is contained in F∞;
(F∞-2) only finitely many primes of F ramify in F∞;
(F∞-3) there exists a finite subextension F
′ of F∞/F such that F∞/F
′ is
pro-p and the Iwasawa µ-invariant for its cyclotomic Zp-extension
F ′cyc/F
′ equals zero.
Fix a finite set Σ of finite places of F which contains all of those ramifying
in F∞. For an arbitrary algebraic extension E of F , we shall denote Σ
∨ the
union of the set Σ∞ of all infinite places and the set ΣE of all finite places
above Σ. Set G = Gal(F∞/F ), H = Gal(F∞/Fcyc) and Γ = Gal(Fcyc/F ).
The pro-p group Γ is isomorphic to Zp by definition.
Let S be the subset of Λ(G) consisting of all elements f such that the
quotient module Λ(G)/Λ(G)f is finitely generated as a left Λ(H)-module.
The set S is a left and right Ore set of Λ(G) with no zero divisors [CFKSV,
Theorem 2.4], which is called the canonical Ore set for F∞/F (refer to
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[McRob, Stenstro¨m] for general theory upon Ore localisation). The Ore
localisation Λ(G) → Λ(G)S induces the following localisation exact se-
quence in algebraic K-theory (due to Charles Weibel, Dongyuan Yao, Alan
Johnathan Berrick and Michael Keating [WeibYao, BerKeat]):
K1(Λ(G)) → K1(Λ(G)S) ∂−→ K0(Λ(G),Λ(G)S )→ 0.
Surjectivity of the connecting homomorphism ∂ was proven in [CFKSV,
Proposition 3.4]. Now let C Perf(Λ(G)) denote the category of perfect com-
plexes of finitely generated left Λ(G)-modules (that is, the category of com-
plexes of finitely generated left Λ(G)-modules which are quasi-isomorphic
to bounded complexes of finitely generated projective left Λ(G)-modules),
and let C PerfS (Λ(G)) denote the full subcategory of C
Perf(Λ(G)) generated
by all objects whose cohomology groups are S-torsion left Λ(G)-modules.
The category C Perf(Λ(G)) (resp. C PerfS (Λ(G))) is regarded as a Waldhausen
category (C Perf(Λ(G)), qis) (resp. (C PerfS (Λ(G)), qis)) equipped with weak
equivalences consisting of all quasi-isomorphisms. Then it is well known
that the relative Grothendieck group K0(Λ(G),Λ(G)S ) is canonically iden-
tified with the Waldhausen-Grothendieck group K0(C
Perf
S (Λ(G)), qis). Set
CF∞/F = RHom(RΓe´t(SpecOΣ
∨
F∞ ,Qp/Zp),Qp/Zp)
where Γe´t denotes the global section functor for the e´tale topology and OΣ∨F∞
denotes the Σ∨-integer ring of F∞. Its cohomology groups are calculated as
follows:
H i(CF∞/F ) =

Zp if i = 0,
XΣ if i = −1,
0 otherwise.
(1.1)
Here XΣ = Gal(MΣ/F∞) is the Galois group of the maximal abelian pro-p
extension MΣ of F∞ unramified outside Σ. Note that Zp is an S-torsion
module since it is finitely generated as a left Λ(H)-module (see [CFKSV,
Proposition 2.3] for details). The Galois group XΣ is also an S-torsion
module by condition (F∞-3) (due to the lemma of Yoshitaka Hachimori and
Romyar Sharifi [HachShar, Lemma 3.4], see also [H, Section 1.2]). Therefore
we may regard CF∞/F as an object of C
Perf
S (Λ(G)), and by surjectivity of ∂
there exists an element fF∞/F in K1(Λ(G)S) satisfying
∂(fF∞/F ) = −[CF∞/F ],(1.2)
which is called a characteristic element for F∞/F . Characteristic elements
are determined uniquely up to multiplication by elements in the image of the
canonical homomorphism K1(Λ(G)) → K1(Λ(G)S) (due to the localisation
exact sequence).
We next consider the p-adic zeta function for F∞/F . From now on we
fix an algebraic closure of the p-adic number field Qp, and we also fix em-
beddings of the algebraic closure Q of the rational number field Q into C
—the complex number field— and Qp till the end of this subsection. By the
argument in [CFKSV, p.p. 172–173], we may define the evaluation map
K1(Λ(G)S)→ Qp ∪ {∞}; f 7→ f(ρ)
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for an arbitrary continuous representation ρ : G→ GLd(O) (where O is the
ring of integers of a certain finite extension of Qp). Now let LΣ(s;F∞/F, ρ)
be the complex Artin L-function associated to an Artin representation ρ
(recall that ρ is an Artin representation if its image is finite) whose local
factors at places belonging to Σ are removed. If there exists an element
ξF∞/F in K1(Λ(G)S) which satisfies the interpolation formula
ξF∞/F (ρκ
r) = LΣ(1− r;F∞/F, ρ)(1.3)
for an arbitrary Artin representation ρ of G and an arbitrary natural number
r divisible by p− 1, we call ξF∞/F the p-adic zeta function for F∞/F . The
Iwasawa main conjecture for totally real number fields is then formulated as
follows:
Conjecture 1.1. Let p, F and F∞/F be as above. Then
(1) (existence and uniqueness of the p-adic zeta function)
the p-adic zeta function ξF∞/F for F∞/F exists uniquely;
(2) (the Iwasawa main conjecture)
the equation ∂(ξF∞/F ) = −[CF∞/F ] holds.
1.2. The equivariant Tamagawa number conjecture for Tate mo-
tives. The Tamagawa number conjecture, which predicts the special val-
ues of the L-functions associated to motives in terms of “motivic Tama-
gawa numbers,” was first formulated by Spencer Bloch and Kazuya Kato
[BlKat] following the earlier results of Pierre Deligne [Deligne1] and Alexan-
der Be˘ılinson [Be˘ılinson]. Then Jean-Marc Fontaine, Berdenette Perrin-Riou
[FPR] and Kazuya Kato [Kato1] gave its reformulation in a somewhat so-
phisticated way. The equivariant version of the Tamagawa number conjec-
ture was finally formulated by David Burns and Mathias Flach [BurFl3]
which included cases with non-commutative coefficient. In this subsection
we shall give a brief review of the formulation of the equivariant Tamagawa
number conjecture for Tate motives.
First recall the notion of the determinant functor
detR : C
Perf(R)qis → V (R)(1.4)
which was constructed by Pierre Deligne [Deligne2] for an arbitrary associa-
tive ring (and by Finn Faye Knudsen and David Mumford [KnudMum] when
R is commutative) where C Perf(R)qis denotes the subcategory of C
Perf(R)
—the category of perfect complexes of finitely generated left R-modules—
whose objects are the same as C Perf(R) and morphisms are restricted to
quasi-isomorphisms. The (small) Picard category V (R) constructed by
Deligne is called the category of virtual objects associated to R, which satisfies
associative and commutative constraints. In fact Deligne has constructed
the category of virtual objects for an arbitrary exact category in [Deligne2]
by using Daniel Quillen’s S-construction [Quillen], but we shall omit the
details. Here we just remark that Takako Fukaya and Kazuya Kato gave
an alternative and direct construction of V (R) [FukKat]. In this article we
shall never use the explicit description of V (R).
The determinant functor detR enjoys the following properties (here we
denote the product structure of the Picard category V (R) by · ):
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I) for an arbitrary exact sequence 0 → C ′ → C → C ′′ → 0 in the
category C Perf(R), the determinant functor detR induces a canonical
isomorphism
detR(C)
∼−→ detR(C ′) · detR(C ′′)
in V (R), which is functorial and satisfies so-called “the 9-terms rela-
tion;”
II) if an object C of C Perf(R) is acyclic, the quasi-isomorphism 0 → C
induces a canonical isomorphism 1R
∼−→ detR(C) where 1R = detR(0)
denotes the unit object of the Picard category V (R);
III) the equation detR(C[r]) = det
(−1)r
R (C) holds for an arbitrary object C
of C Perf(R) and an arbitrary integer r. Here C[r] is the r-th translation
of C (that is, the cochain complex defined by C[r]i = Ci+r with an
appropriate differential);
IV) the functor detR factorises D
Perf(R), the image of C Perf(R) in the
derived category Db(R) of bounded complexes of finitely generated
left R-modules. Moreover it extends to DPerf(R)isom, the subcategory
of DPerf(R) whose morphisms are restricted to isomorphisms;
V) if an object C of C Perf(R) is cohomologically perfect (that is, if all
cohomology groups H i(C)[0] belongs to DPerf(R)), the equation
detR(C) =
∏
i∈Z
det
(−1)i
R (H
i(C))
holds;
VI) the determinant functor detR is stable under arbitrary base change;
that is, the diagram
DPerf(R)isom
detR
//
R′⊗LR−

V (R)
R′⊗R−

DPerf(R′)isom detR′
// V (R′)
commutes for an arbitrary R-algebra R′.
We denote the group of isomorphism classes of V (R) by π0(V (R)) and the
group of isomorphisms of the unit object 1R by π1(V (R)) respectively. Then
there exist canonical isomorphisms
K0(R)
∼−→ π0(V (R)); [P ] 7→ [detR(P )],
K1(R)
∼−→ π1(V (R)); [f : P ∼−→ P ] 7→ [1R detR(f)−−−−−→ 1R]
where we abbreviate to detR(f) the isomorphism
1R = detR(P ) · det−1R (P )
detR(f)·iddet−1
R
(P )−−−−−−−−−−−→ detR(P ) · det−1R (P ) = 1R
induced by f . For an arbitraryR-algebra R′, we define the category V (R,R′)
as the fibre-product category V (R)×V (R′) V0 if we let V0 denote the trivial
Picard category consisting of a unique object 1 equipped with the trivial au-
tomorphism group {id1}; in particular an object of V (R,R′) is a pair (L, λ)
with L an object of V (R) and λ an isomorphism R′ ⊗R L ∼−→ 1R′ in V (R′)
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(we call λ a trivialisation of R′⊗RL). In fact the category V (R,R′) is a Pi-
card category and there exists a canonical isomorphism between K0(R,R
′)
and π0(V (R,R
′)). For details see [BrBur, Section 5].
Next let F be a number field and F ′ its finite Galois extension with the
Galois group GF ′/F . For an arbitrary strictly negative integer m, consider
the m-fold Tate motive Q(m)F ′/F = h
0(Spec F ′)(m) endowed with equi-
variant action of the Galois group GF ′/F (regarded as defined over F ). The
Betti realisation of Q(m)F ′/F is explicitly described as
Q(m)F ′/F,B =
∏
τ : F ′ →֒C
Q(2π
√−1)m
where τ runs over all embeddings of F ′ into C. Note that the complex con-
jugate acts upon both τ ’s and (2π
√−1)m in a natural way. Let Q(m)+F ′/F,B
denote the maximal submodule of Q(m)F ′/F,B fixed by the action of the
complex conjugate and set
Ξ(Q(m)F ′/F ) = detQ[GF ′/F ](K1−2m(F
′)∗Q) · det−1Q[GF ′/F ](Q(m)
+
F ′/F,B
)
where we denote by X∗ the Q-dual of a left Q[GF ′/F ]-projective module X
endowed with contragredient GF ′/F -action (the virtual object Ξ(Q(m)F ′/F )
is nothing but the fundamental line for the Tate motive in the terminology
of [FPR]). As is well known, Be˘ılinson’s regulator map (or Borel’s regulator
map) induces an isomorphism between K1−2m(F
′) ⊗Z R and the R-dual of
Q(m)+F ′/F,B ⊗Q R; hence we obtain an isomorphism in V (R[GF ′/F ]) (the
period-regulator isomorphism in the terminology of [FukKat])
ϑ∞ : Ξ(Q(m)F ′/F )⊗Q R ∼−→ 1R[GF ′/F ].
We may regard the pair (Ξ(Q(m)F ′/F ), ϑ∞) as the object of the relative
Picard category V (Q[GF ′/F ],R[GF ′/F ]).
Now let RΓc,e´t(OΣ∨F ′ ,Qp(m)) (or RΓc,e´t(SpecOΣ
∨
F ′ ,Qp(m))) be the com-
pactly supported e´tale cohomology of SpecOΣ∨F ′ with coefficient in Qp(m)
(regarded as an object of the derived category) characterised by the distin-
guished triangle
RΓc,e´t(OΣ∨F ′ ,Qp(m))→ RΓe´t(OΣ
∨
F ′ ,Qp(m))→
⊕
P∈ΣF ′
RΓ(GF ′/F,P,Qp(m))→
whereRΓ(GF ′/F,P,Qp(m)) denotes theQp(m)-coefficient Galois cohomology
of the decomposition group of GF ′/F at P. Then we may construct an
isomorphism in V (Qp[GF ′/F ]) (the p-adic period-regulator isomorphism in
the terminology of [FukKat])
ϑp : Ξ(Q(m)F ′/F )⊗Q Qp ∼−→ detQp[GF ′/F ](RΓc,e´t(OΣ
∨
F ′ ,Qp(m)))
which is essentially derived from the p-adic Chern class isomorphism
K1−2m(OF ′)⊗Z Qp ∼−→ H1(OF ′ [1/p],Qp(m)).
Refer to [BurFl1, Sections 1.2.2 and 1.6] or [BurFl2, Section 2] for details.
We finally consider the leading terms of the equivariant Artin L-functions.
Let Irr(GF ′/F ) denote the set of all isomorphism classes of irreducible finite
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dimensional (Q-valued) representations of GF ′/F . Then by Wedderburn’s
decomposition theorem we obtain an isomorphism
Z(C[GF ′/F ])
∼−→
∏
ρ∈Irr(GF ′/F )
C · idVρ ; x 7→ (ρ(x))ρ∈Irr(GF ′/F )(1.5)
where Vρ denotes the representation space of ρ. We identify the right-hand
side of (1.5) with the direct product
∏
ρ∈Irr(GF ′/F )
C in an obvious way.
Then we may define the leading term of the equivariant Artin L-function
L∗(Q(m)F ′/F ) associated to the Tate motive Q(m)F ′/F as the element in
Z(C[GF ′/F ])
× corresponding to (L∗(m,ρ))ρ∈Irr(GF ′/F ) via the isomorphism
(1.5) (we denote by L∗(m,ρ) the leading term of the complex Artin L-
function L(s;F ′/F, ρ) at s = m). In fact L∗(Q(m)F ′/F ) is contained in
Z(R[GF ′/F ])
× and there exists an element λ in Z(Q[GF ′/F ])
× such that
λL∗(Q(m)F ′/F ) is contained in the image of the reduced norm map
nrdR[GF ′/F ] : K1(R[GF ′/F ])→ Z(R[GF ′/F ])×.
See [BurFl3, Lemmata 8,9] for details.
Conjecture 1.2 (Rationality conjecture, [BurFl3, Conjecture 5]). Let ∂
be the connecting homomorphism K1(R[GF ′/F ])→ K0(Q[GF ′/F ],R[GF ′/F ])
appearing in the localisation exact sequence associated to the localisation
Q[GF ′/F ]→ R[GF ′/F ]. Then in K0(Q[GF ′/F ],R[GF ′/F ]) the equation
∂(nrd−1
R[GF ′/F ]
(λL∗(Q(m)F ′/F ))) + [Ξ(Q(m)F ′/F ), ϑ∞] = 0
holds (via the canonical isomorphism as already explained, we identify the
element [Ξ(Q(m)F ′/F ), ϑ∞] in π0(V (Q[GF ′/F ],R[GF ′/F ])) with the corre-
sponding one in the relative Grothendieck group K0(Q[GF ′/F ],R[GF ′/F ])).
It is known that Conjecture 1.2 for them-fold Tate motive Q(m)F ′/F with
negative m is equivalent to the central conjecture of Benedict Hyman Gross
[Gross]. Conjecture 1.2 implies that there exists an isomorphism
ϑ(λ) : Ξ(Q(m)F ′/F )
∼−→ 1Q[GF ′/F ]
such that the scalar extension ϑ
(λ)
R = ϑ
(λ) ⊗Q R coincides with the triviali-
sation of Ξ(Q(m)F ′/F )⊗QR described as nrd−1R[GF ′/F ](λL
∗(Q(m)F ′/F ))◦ϑ∞.
Conjecture 1.3 (p-part of the Tamagawa number conjecture). Let ∂p de-
note the connecting homomorphism appearing in the localisation exact se-
quence associated to the localisation Zp[GF ′/F ] → Qp[GF ′/F ]. Then the
element TΩ(Q(m)F ′/F )p in K0(Zp[GF ′/F ],Qp[GF ′/F ]) defined by
TΩ(Q(m)F ′/F )p
= [detZp[GF ′/F ](RΓc,e´t(OΣ
∨
F ′ ,Zp(m))), ϑ
(λ)
Qp
◦ ϑ−1p ]− ∂p(nrd−1Qp[GF ′/F ](λ))
vanishes where ϑ
(λ)
Qp
denotes the scalar extension ϑ(λ)⊗QQp (see also [BurFl3,
Conjecture 6]).
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Remark 1.4. If F ′/Q is a finite abelian Galois extension and F is a subfield
of F ′, the equivariant Tamagawa number conjecture for the Tate motives
Q(m)F ′/F has been proven for an arbitrary prime number p and an arbitrary
integer m (not necessarily negative) by David Burns, Cornelius Greither and
Mathias Flach. Refer to [BurGr] (for negative m and odd p), [Flach] (for
negative m and arbitrary p) and [BurFl4] (for arbitrary m and p). Indepen-
dently Annette Huber-Klawitter, Guido Kings and Kensuke Itakura have
also proven the Bloch-Kato conjecture for Dirichlet motives —a somewhat
weaker conjecture than the equivariant Tamagawa number conjecture— by
using rather different technique. See [HubKin2] (for p 6= 2) and [Itakura]
(for p = 2) for details. In spite of such great development upon commutative
cases, very little seems to be known for non-commutative cases.
2. Burns’ technique
There exists a standard strategy to construct the p-adic zeta functions for
non-commutative extensions by “patching” Serre’s p-adic zeta pseudomea-
sures for abelian extensions. It was first observed by David Burns and
applied by Kazuya Kato to his pioneering work [Kato2]. Here we shall in-
troduce this outstanding technique in a little generalised way.
Throughout this section we fix embeddings of Q into C and Qp. Let p
be a positive odd prime number, F a totally real number field and F∞/F
a totally real p-adic Lie extension satisfying conditions (F∞-1), (F∞-2) and
(F∞-3) in the previous section. Let G, H and Γ be p-adic Lie groups defined
as in Section 1.1.
Definition 2.1 (Brauer families). Let FB be a family consisting of a pair
(U, V ) where U is an open subgroup of G and V is that of H such that V is
normal in U and the quotient group U/V is abelian. We call FB a Brauer
family for the group G if it satisfies the following condition (♯)B :
(♯)B an arbitrary Artin representation of G is isomorphic
to a Z-linear combination (as a virtual representation) of
induced representations IndGU (χU/V ), where each (U, V ) is an
element in FB and χU/V is a finite-order character of the
abelian group U/V .
Suppose that there exists a Brauer family FB for G. Let θU,V be the
composition
K1(Λ(G))
NrΛ(G)/Λ(U)−−−−−−−−→ K1(Λ(U)) canonical−−−−−→ K1(Λ(U/V )) ∼−→ Λ(U/V )×
for each (U, V ) in FB where NrΛ(G)/Λ(U) is the norm map in algebraic
K-theory. Set
θ = (θU,V )(U,V )∈FB : K1(Λ(G))→
∏
(U,V )∈FB
Λ(U/V )×.
Similarly we may construct the map1
θS = (θS,U,V )(U,V )∈FB : K1(Λ(G)S)→
∏
(U,V )∈FB
Λ(U/V )×S
1We use the same symbol S for the canonical Ore set for FV /FU by abuse of notation.
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for the localised Iwasawa algebra Λ(G)S . Then we obtain the following
commutative diagram with exact rows:
K1(Λ(G)) //
θ

K1(Λ(G)S)
∂
//
θS

K0(Λ(G),Λ(G)S) //
norm

0
∏
FB
Λ(U/V )× 

//
∏
FB
Λ(U/V )×S ∂
//
∏
FB
K0(Λ(U/V ),Λ(U/V )S) // 0.
Let f be an arbitrary characteristic element for F∞/F (that is, an element
in K1(Λ(G)S) satisfying the relation (1.2)) and (fU,V )(U,V )∈FB its image un-
der the map θS. Then each fU,V satisfies the relation ∂(fU,V ) = −[CU,V ] by
the functoriality of the connecting homomorphism ∂. Now recall that for
each pair (U, V ) in FB, the p-adic zeta pseudomeasure ξU,V for the abelian
extension FV /FU exists as an element in Λ(U/V )
×
S (see [Serre2] for details)
and the Iwasawa main conjecture ∂(ξU,V ) = −[CU,V ] holds (due to the hon-
ourable results of Andrew Wiles [Wiles]). Each p-adic zeta pseudomeasure
ξU,V is characterised by the interpolation property
ξU,V (χρ
r) = LΣ(1− r;FV /FU , χ)(2.1)
for an arbitrary finite-order character of the abelian group U/V and an ar-
bitrary natural number r divisible by p−1. Let wU,V be the element defined
as ξU,V f
−1
U,V which is in fact an element in Λ(U/V )
× by the localisation exact
sequence, and consider the following assumption:
Assumption (♭) the element (wU,V )(U,V )∈FB is contained in
the image of θ.
Then under Assumption (♭) there exists an element w in K1(Λ(G)) which
satisfies θ(w) = (wU,V )(U,V )∈FB . Let ξ be the element in K1(Λ(G)S) defined
as fw. Then ξ readily satisfies the following two conditions by easy diagram
chasing:
(ξ-1) the equation ∂(ξ) = −[CF∞/F ] holds;
(ξ-2) the equation θS(ξ) = (ξU,V )(U,V )∈FB holds.
By using condition (♯)B , condition (ξ-2) and the interpolation formulae (2.1),
we may verify that ξ satisfies the interpolation formula (1.3) as follows:
ξ(ρκr) = ξ
κr ∑
(U,V )∈FB
aU,V Ind
G
U (χU/V )
 (by (♯)B)
=
∏
(U,V )∈FB
NrΛ(G)S/Λ(U)S (ξ)(χU/V κ
r)aU,V
=
∏
(U,V )∈FB
ξU,V (χU/V κ
r)aU,V (by (ξ-2))
=
∏
(U,V )∈FB
LΣ(1− r;FV /FU , χU/V )aU,V (by (2.1))
= LΣ(1− r;F∞/F,
∑
(U,V )∈FB
aU,V Ind
G
U (χU/V )) = LΣ(1 − r;F∞/F, ρ)
where ρ is an arbitrary Artin representation of G and r is an arbitrary
natural number divisible by p − 1. Therefore ξ is the desired p-adic zeta
INDUCTIVE CONSTRUCTION OF p-ADIC ZETA FUNCTIONS 13
function. Furthermore (ξ-1) implies that ξ is also a characteristic element
for F∞/F ; in other words the Iwasawa main conjecture 1.1 holds for F∞/F .
By virtue of Burns’ technique, both construction of the p-adic zeta func-
tion and verification of the Iwasawa main conjecture are reduced to the
following two tasks:
• characterisation of the images of θ and θS ;
• verification of Assumption (♭).
In general, there are so many pairs in a Brauer family FB that it is hard to
compute and characterise the image of the norm maps θ and θS. Therefore
we shall use not only Brauer families but also Artinian families in arguments
of the rest of this article.
Definition 2.2 (Artinian families). If a family FA consisting of an abelian
open subgroup of G satisfies the following condition (♯)A, we call FA an
Artinian family for the group G:
(♯)A an arbitrary Artin representation of G is isomorphic
to a Z[1/p]-linear combination (as a virtual representation)
of induced representations IndGU (χU ), where each U is an el-
ement in FA and χU is a finite-order character of the abelian
group U .
Artinian families tend to contain much fewer elements than Brauer fam-
ilies, which often makes computation remarkably simpler.
3. The main theorem and its application
3.1. The main theorem. The precise statement of the main result in this
article is as follows:
Theorem 3.1 (Main theorem). Let p be a positive odd prime number and F
a totally real number field, and let F∞ be a totally real p-adic Lie extension of
F satisfying conditions (F∞-1), (F∞-2) and (F∞-3) in Section 1.1. Suppose
that the Galois group of F∞/F is isomorphic to the direct product of a finite
p-group Gf with exponent p and the commutative p-adic Lie group Γ. Then
the p-adic zeta function ξF∞/F for F∞/F exists uniquely up to multiplication
by an element in SK1(Zp[G
f ]). Moreover, the Iwasawa main conjecture
(Conjecture 1.1 (2)) is true for F∞/F (for arbitrary fixed embeddings Q →֒ C
and Q →֒ Qp).
Remark 3.2. If the image of SK1(Zp[G
f ]) under the canonical localisation
homomorphism K1(Λ(G)) → K1(Λ(G)S) vanishes, we may establish the
uniqueness result upon the p-adic zeta function for F∞/F in Theorem 3.1.
However the author does not have any ideas either SK1(Zp[G
f ]) always
vanishes or not in K1(Λ(G)S).
Now let us consider an easy but interesting application of our main theo-
rem. Let BN (Fp) be a multiplicative p-group defined as the subgroup of the
general linear group GLN+1(Fp) of degree N + 1 generated by all strongly
upper-triangular matrices; that is,
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BN(Fp) =

1 2 . . . . . . N N + 1
1 1 Fp Fp . . . Fp Fp
2 0 1 Fp . . . Fp
... 0 0 1
. . .
...
...
...
...
. . .
. . .
...
N 0 1 Fp
N + 1 0 0 . . . . . . 0 1

.
Corollary 3.3. Let p be a positive odd prime number, F a totally real num-
ber field and FB/F a totally real p-adic Lie extension satisfying conditions
(F∞-1), (F∞-2) and (F∞-3) in Section 1.1. Assume also that
(i) there exists a certain non-negative integer N such that the Galois group
of FB/F is isomorphic to the direct product of B
N (Fp) and the com-
mutative p-adic Lie group Γ;
(ii) the prime number p is strictly larger than N .
Then the p-adic zeta function ξFB/F for FB/F exists uniquely up to multi-
plication by an element in SK1(Zp[B
N (Fp)]). Moreover the Iwasawa main
conjecture (Conjecture 1.1 (2)) is true for FB/F (for arbitrary fixed embed-
dings Q →֒ C and Q →֒ Qp).
Proof. For each p strictly larger than N , the exponent of BN(Fp) equals p.
Therefore the claim is directly deduced from Theorem 3.1. 
Remark 3.4. The author is grateful to Peter Schneider and Otmar Ven-
jakob for kindly informing him that they have verified triviality of the group
SK1(Zp[B
N (Fp)]) for arbitrary N in their ongoing project upon the “non-
commutative Coleman map” (the case where N equals 2 has been already
known by the results of Robert Oliver [Oliver, Proposition 12.7]). By com-
bining their results with Corollary 3.3, we may verify uniqueness of the
p-adic zeta function for FB/F .
Remark 3.5. The case where N is equal to 2 is a special case of Kato’s
Heisenberg-type extensions [Kato2]. The case where N is equal to 3 is noth-
ing but the main results of the preceding paper [H]. Our original motivation
upon this study was to generalise these results to the cases where N is larger
than 4, and it was convenient to consider the problem under more general
conditions as in Theorem 3.1.
In the rest of this article we mainly deal with cases under the conditions
of our main theorem (Theorem 3.1).
3.2. Application to the equivariant Tamagawa number conjecture
for critical Tate motives. The non-commutative Iwasawa main conjec-
ture should be deeply related to the (non-commutative) equivariant Tam-
agawa number conjecture, as was pointed out in, for example, [HubKin1]
and [FukKat]. In this subsection, we shall show that the p-part of the (non-
commutative) equivariant Tamagawa number conjecture for critical Tate
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motives follows from the Iwasawa main conjecture (Conjecture 1.1) by ap-
plying a standard descent argument. This can be regarded as evidence
implying mystic relationship between the non-commutative Iwasawa main
conjecture and the non-commutative Tamagawa number conjecture.
Proposition 3.6. Let p be a positive odd prime number and F a totally real
number field. Let F∞ be a totally real p-adic Lie extension of F satisfying
conditions (F∞-1), (F∞-2) and (F∞-3) in Section 1.1. Suppose also that
Conjectures 1.1 (1), (2) are true for F∞/F . Then the p-part of the equi-
variant Tamagawa number conjecture (Conjecture 1.3) for Q(1 − r)F ′/F is
true for an arbitrary finite Galois subextension F ′ of F∞/F and an arbitrary
natural number r divisible by p− 1.
Note that the Tate motive Q(1− r)F ′/F is a critical motive in the sense of
Pierre Deligne [Deligne1, Definition 1.3] since both F and F ′ are totally real
and r is even. Combining this proposition with Theorem 3.1, we obtain:
Corollary 3.7. Let p, F and F∞/F be as in Proposition 3.6. Suppose that
the Galois group of F∞/F is isomorphic to the direct product of a finite
p-group Gf with exponent p and the commutative p-adic Lie group Γ. Then
the p-part of the equivariant Tamagawa number conjecture for Q(1−r)F ′/F is
true for an arbitrary finite Galois subextension F ′ of F∞/F and an arbitrary
natural number r divisible by p− 1.
This corollary gives a simple but non-trivial example strongly suggesting
validity of the equivariant Tamagawa number conjecture for motives with
non-commutative coefficient. Proposition 3.6 is just the direct consequence
of the Iwasawa main conjecture and descent theory established by David
Burns and Otmar Venjakob [BurVen], and all materials used in the proof
should be essentially contained in [BurVen]. There, however, does not seem
to exist explicit suggestion upon critical Tate motives there, and thus we
shall give the proof of Proposition 3.6 in the rest of this subsection.
First we may easily see that both Q(1 − r)+F ′/F,B and K2r−1(F ′)∗Q are
trivial because F and F ′ are totally real fields and r is an even natural
number (triviality of K2r−1(F
′)Q is due to Armand Borel [Borel1, Borel2]),
and thus Ξ(Q(1 − r)F ′/F ) is also trivial and the period-regulator map ϑ∞
degenerates to the identity map on the unit object 1R[GF ′/F ].
Lemma 3.8. The leading term L∗(Q(1 − r)F ′/F ) of the equivariant Artin
L-function for Q(1− r)F ′/F is contained in Z(Q[GF ′/F ])×.
Proof. We may verify the claim by an argument similar to that in [Deligne1,
Proposition 6.7]; first note that L(s;F ′/F, ρ) does not vanish at s = 1 − r
for each ρ in Irr(GF ′/F ) because 1 − r is a critical value for L(s;F ′/F, ρ).
Therefore L∗(Q(1−r)F ′/F ) corresponds to (L(1−r;F ′/F, ρ))ρ∈Irr(GF ′/F ) via
the isomorphism (1.5). Since the action of an automorphism τ of C upon∏
ρ∈Irr(GF ′/F )
C is given by
(xρ)ρ∈Irr(GF ′/F ) 7→ (τ(xτ−1ρ))ρ∈Irr(GF ′/F ),
it suffices to prove that L(1 − r;F ′/F, τρ) = τL(1 − r;F ′/F, ρ) holds for
an arbitrary automorphism τ of C; this follows from the classical results of
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Helmut Klingen [Klingen] and Carl Ludwig Siegel [Siegel] combining with
Serre’s assertion (see also [CL, Section 1.1]). 
Lemma 3.8 implies that the rationality conjecture 1.2 is true for the
Tate motive Q(1 − r)F ′/F . Choose an element λ in Z(Q[GF ′/F ])× such
that λL∗(Q(1 − r)F ′/F ) is contained in the image of the reduced norm
map nrdQ[GF ′/F ] (this is injective; see [McRob, (45.3)] and [BurFl3, Propo-
sition 2.2]), then the map ϑ(λ) introduced in Section 1.2 coincides with
nrd−1
Q[GF ′/F ]
(λL∗(Q(1 − r)F ′/F )). Set ∆(1 − r)F ′ = RΓc,e´t(OΣ∨F ′ ,Zp(1 − r)).
We can easily check that the natural homomorphism
K0(Zp[GF ′/F ],Qp[GF ′/F ])→ K0(Zp[GF ′/F ],Qp[GF ′/F ])
induced by the canonical embedding Qp →֒ Qp is injective and can calculate
the image TΩ(Q(1− r)F ′/F )p,Qp of TΩ(Q(1− r)F ′/F )p under this map as
∂¯p(nrd
−1
Qp[GF ′/F ]
(L∗(Q(1− r)F ′/F )) + [∆(1− r)F ′, ϑ−1p,Qp ]
where ∂¯p is the connecting homomorphism appearing in the localisation
exact sequence associated to Zp[GF ′/F ] → Qp[GF ′/F ]. Here we use the
following relations:
[∆(1− r)F ′ , ϑ(λ)Qp ◦ ϑ−1p ] = [∆(1− r)F ′ , ϑ−1p ] + ∂p(ϑ
(λ)
Qp
),
∂¯p(ϑ
(λ)
Qp
) = ∂¯p(nrd
−1
Qp[GF ′/F ]
(λL∗(Q(1− r)F ′/F )))
= ∂¯p(nrd
−1
Qp[GF ′/F ]
(L∗(Q(1− r)F ′/F ))) + ∂¯p(nrd−1Qp[GF ′/F ](λ)).
Therefore in order to prove Proposition 3.6 it suffices to show that the
element TΩ(Q(1− r)F ′/F )p,Qp vanishes.
Proof of Proposition 3.6. Let ξF∞/F be the p-adic zeta function for F∞/F
and assume that the Iwasawa main conjecture ∂(ξF∞/F ) = −[CF∞/F ] is valid
(for an arbitrary fixed embedding jp : Q →֒ Qp). Since RΓe´t(OΣ∨F∞ ,Qp/Zp)
is identified with the injective limit of complexes RΓe´t(OΣ∨L ,Qp/Zp) for all
finite Galois subextensions L/F of F∞/F , we may easily see that CF∞/F
is isomorphic to the complex lim←−LRΓc,e´t(SpecO
Σ∨
L ,Zp(1))[3] by virtue of
the Poitou-Tate/Artin-Verdier duality theorem. Furthermore for each L
the complex RΓc,e´t(OΣ∨L ,Zp(1)) is isomorphic to RΓc,e´t(OΣ
∨
F ,Zp[GL/F ]
♯(1))
by Shapiro’s lemma (here Zp[GL/F ]
♯ denotes Zp[GL/F ] regarded as a left
GF -module whose GF -action is given by the right multiplication of the in-
verse element). Refer to, for example, [HorKin, Appendix B] for details.
Hence the following equation holds in K0(C
Perf
S (G), qis):
∂(ξF∞/F ) = [lim←−
L
RΓc,e´t(SpecOΣ∨F ,Zp[GL/F ]♯(1))]
= [RΓc,e´t(SpecOΣ∨F ,Λ(G)♯(1))].
Now for each natural number r divisible by p − 1 consider the Zp-linear
map ̺rκ : Λ(G) → Λ(G) induced by σ 7→ κr(σ)σ for σ in G, which is in fact
a ring automorphism because κr(σ) is an element in the centre of Λ(G).
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This map also induces a ring automorphism ̺rS,κ on the canonical Ore
localisation Λ(G)S of Λ(G) and its composition with the homomorphism
Λ(G)S → Frac(Λ(Γ)) induced by the projection G → Γ coincides with the
morphism Φκr introduced in [CFKSV, Lemma 3.3]. Hence the definition of
the evaluation map asserts that the interpolation formula
̺rS,κ(ξF∞/F )(ρ) = LΣ(1− r;F∞/F, ρ)
holds for an arbitrary Artin representation ρ of G. On the other hand the
Tate twist Λ(G)♯(1) → Λ(G)♯(1 − r) defines a ̺rS,κ-semilinear isomorphism
(due to the Λ(G)-module structure of Λ(G)♯), and in DPerf(Λ(G)) we there-
fore obtain the isomorphism
Λ(G) ⊗Λ(G),̺rκ RΓc,e´t(OΣ
∨
F ,Λ(G)
♯(1))
∼−→ RΓc,e´t(OΣ∨F ,Λ(G)♯(1− r))
(we remark that this argument is a non-commutative variant of that in
[Flach, Lemma 5.13 a)]). Then we obtain
∂(̺rS,κ(ξF∞/F )) = [RΓc,e´t(OΣ
∨
F ,Λ(G)
♯(1− r))](3.1)
by the functoriality of the connecting homomorphism. Moreover
Zp[GF ′/F ]⊗LΛ(G) RΓc,e´t(OΣ
∨
F ,Λ(G)
♯(1− r))
= RΓc,e´t(OΣ∨F ,Zp[GF ′/F ]♯(1− r)) = RΓc,e´t(OΣ
∨
F ′ ,Zp(1− r)) = ∆(1− r)F ′
holds for an arbitrary finite Galois subextension F ′/F of F∞/F . Since the
localisation Qp ⊗Zp ∆(1 − r)F ′ is acyclic (essentially due to the criticalness
of Q(1− r)F ′/F ; refer to [BurFl2, (9),(10)]), the equation (3.1) descends to
(3.2)
K1(Qp[GF ′/F ])
∂−−−−→ K0(Zp[GF ′/F ],Qp[GF ′/F ])
(LΣ(1− r;F ′/F, jpρ))ρ∈Irr(GF ′/F ) 7→ [∆(1− r)F ′ ]
by the results of Burns and Venjakob [BurVen, Theorem 2.2]. Here we
remark that the element [∆(1−r)F ′ ] in the relative Grothendieck group can
be naturally identified with the element −[detZp[GF ′/F ](∆(1− r)F ′), acyc] in
π0(Zp[GF ′/F ],Qp[GF ′/F ]) where “acyc” denotes the trivialisation induced by
acyclicity of Qp⊗Zp ∆(1− r)F ′ (see Remark 3.10 for the problem upon sign
convention). The difference between two trivialisations ϑ−1
p,Qp
and acyc is
calculated in [BurFl2] as
acyc = ϑ−1
p,Qp
·
∏
v∈Σ
φ−1v
where each Qp-isomorphism φv : V → V is defined as in [BurFl1, Section 1.2]
or [FukKat, Section 2.4.2] which we regard as an element in K1(Qp[GF ′/F ]).
Then by definition the image of φ−1v under the Wedderburn decomposition
K1(Qp[GF ′/F ])
∼
nrd
Qp[GF ′/F
]
// Z(Qp[GF ′/F ])
× ∼ //
∏
ρ∈Irr(GF ′/F )
Q
×
p
coincides with (Lv(1 − r;F ′/F, ρ))ρ∈Irr(GF ′/F ), the local factor of the equi-
variant Artin L-function at v. Combining this fact with the relation (3.2),
we can easily verify that TΩ(Q(1− r)F ′/F )p,Qp vanishes. 
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Remark 3.9. If we take F ′ = F , Proposition 3.6 is equivalent to the p-part
of the cohomological Lichtenbaum conjecture
|ζF (1− r)|−1p =
|♯H2c,e´t(OΣ
∨
F ,Zp(1− r))|−1p
|♯H1c,e´t(OΣ
∨
F ,Zp(1− r))|−1p
via certain specialisation (here ζF (s) is the complex Dedekind zeta function
for F and | · |p is the p-adic valuation normalised by |p|p = 1/p). This is
directly deduced from the (classical) Iwasawa main conjecture for totally
real number fields verified by Andrew Wiles [Wiles]. Proposition 3.6 gives
its certain generalisation for cases with non-commutative coefficient.
Remark 3.10 (sign convention). Let R be an associative ring and S a left Ore
subset of R. We let S−1R denote the left Ore localisation of R with respect
to S. In [Swan], the relative Grothendieck group K0(R,S
−1R) is defined as
a certain quotient of the free abelian group generated by all triples [P, λ,Q]
where each P and Q are finitely generated projective left R-modules and λ is
an S−1R-isomorphism λ : S−1R⊗RP ∼−→ S−1R⊗RQ. Then we may identify
a homomorphism P → Q induced by λ with a cochain complex concentrated
in terms of degree 0 and 1, and we use this identification as the normalisa-
tion of the isomorphism between K0(R,S
−1R) and K0(C
Perf
S (R), qis) (this
normalisation is the same one as used in [FukKat]). In [BurVen], how-
ever, they identify K0(R,S
−1R) with π0(V (R,S
−1R)) in the following man-
ner: when both Ker(λ) and Coker(λ) are projective, the element [P, λ,Q]
in K0(R,S
−1R) is identified with the element in π0(V (R,S
−1R)) defined as
[det−1R (P ) · detR(Q),det−1R (λ) · iddetR(Q)]; in other words they implicitly re-
gard P → Q as a complex concentrated in terms of degree −1 and 0. Hence
there appears difference in sign convention
K0(C
Perf
S (R), qis)
∼−→ π0(V (R,S−1R))
[C] ↔ −[detR(C), acyc]
(on the other hand they used, in [BrBur], the different normalisation
[P, λ,Q] ↔ [detR(P ) · det−1R (Q),detR(λ) · iddet−1R (Q)],
and the element [C] in K0(C
Perf
S (R), qis) therefore corresponds to the ele-
ment [det(C), acyc] in π0(V (R,S
−1R))).
4. Construction of the theta isomorphism I —additive
theory—
In this section we first define the Artinian families FA, F
c
A and the Brauer
family FB (see Section 4.1 for definition), which will play important roles
in the following arguments. We then construct the additive version of the
theta isomorphism (see Section 4.3). Later we shall translate it into the
multiplicative morphism in Section 6. We remark that Mahesh Kakde has
recently established more general construction of the additive theta isomor-
phism [Kakde2] (his construction can be applied to case sin which Gf is an
arbitrary finite p-group not necessarily with exponent p).
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4.1. Artinian families FA, F
c
A and Brauer family FB. Let p, F and
F∞/F be as in Theorem 3.1. Let G be the Galois group of F∞/F and
pN the order of the finite part Gf of G (and N is hence a non-negative
integer). The finite p-group Gf acts upon the set of all its cyclic subgroups
by conjugation. Choose a set of representatives of the orbital decomposition
under this action, and choose also a generator for each representative cyclic
group. Let H denote the set of these fixed generators, and for each h in H
let Ufh be the cyclic subgroup of G
f generated by h. Since the exponent of
Gf is p, the degree of each Ufh exactly equals p except for U
f
e = {e} (here we
denote the unit of Gf by e). Let Uh be the open subgroup of G isomorphic
to the direct product of Ufh and Γ for each h in H, and consider the family
of open subgroups of G consisting of all such Uh which we denote by FA (we
always identify Ue with Γ).
Proposition 4.1. The family FA satisfies condition (♯)A. In other words,
the family FA is an Artinian family for the group G.
Proof. The claim is directly deduced from the classical induction theorem
of Emil Artin (see, for example, [Serre1, Corollaire de The´ore`me 15]). 
For the usage of induction in Section 9, we now introduce another Artinian
family FcA. When N equals zero, we set F
c
A = FA = {(Γ, {e})}. When N
is larger than 1, choose a central element c 6= e in H and fix it (there exists
such an element c because Gf is a p-group). For each h in H, let Ufh,c be
the abelian subgroup of Gf generated by h and c, and let Uh,c be the open
subgroup of G isomorphic to the direct product of Ufh,c and Γ. Let F
c
A denote
the family of open subgroups of G consisting of all elements in FA and all
Uh,c (we identify both Ue,c and Uc,c with Uc). Then the family F
c
A is also an
Artinian family for G because FcA contains the Artinian family FA.
We finally define FB as the family consisting of all pairs (U, V ) such
that U is an open subgroup of G containing Γ and V is the commutator
subgroup of U . Then the family FB satisfies condition (♯)B by Richard
Brauer’s induction theorem [Serre1, The´ore`m 22] (note that for an arbitrary
finite p-group, the family of all its Brauer elementary subgroups coincides
with that of all its subgroups by definition); hence FB is a Brauer family.
4.2. Calculation of the images of trace homomorphisms. First recall
the definition of trace homomorphisms; for an arbitrary finite group ∆, let
Zp[Conj(∆)] be the free Zp-module of finite rank with basis Conj(∆), and
for an arbitrary pro-finite group P , let Zp[[Conj(P )]] be the projective limit
of free Zp-modules Zp[Conj(Pλ)] over finite quotient groups Pλ of P .
Definition 4.2 (trace homomorphisms). Let P be an arbitrary pro-finite
group and U its arbitrary open subgroup. Let {a1, a2, . . . , as} be one of
the representatives of the left coset decomposition P/U . For an arbitrary
conjugacy class [g] of P and for each integer 1 ≤ j ≤ s, define τj([g]) as
τj([g]) =
{
[a−1j gaj ] if a
−1
j gaj is contained in U,
0 otherwise.
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Then the element TrZp[[Conj(P )]]/Zp[[Conj(U)]]([g]) =
∑s
j=1 τj([g]) is determined
independently of the choice of representatives {aj}sj=1. We call the induced
Zp-module homomorphism
TrZp[[Conj(P )]]/Zp[[Conj(U)]] : Zp[[Conj(P )]]→ Zp[[Conj(U)]]
the trace homomorphism from Zp[[Conj(P )]] to Zp[[Conj(U)]].
Let c be the fixed central element of Gf as in the previous subsection and
let θ+U denote the trace homomorphism TrZp[[Conj(G)]]/Zp[[U ]] for each U in F
c
A.
We now calculate each image IU of θ
+
U . Let NU
f denote the normaliser of
Uf in Gf for each U in FA. We denote by p
nh the cardinality of NUfh for
each h in H.
Calculation of IΓ(= IUe). When N is equal to zero, the Zp-module IΓ
obviously coincides with Λ(G) = Λ(Γ). Now suppose that N is larger than 1.
In this case, θ+Γ ([g]) does not vanish if and only if g is contained in Γ. We
may regard the finite part Gf as a set of representatives of the left coset
decomposition G/Γ, and for each γ in Γ and a in Gf , the element a−1γa
equals γ (note that γ and a commute). Therefore we have
IΓ = p
NZp[[Γ]]
(this equality is also valid for the case in which N equals zero).
Calculation of IUh for h in H except for e (N ≥ 1). WhenN is equal to 1,
the Zp-module IUh obviously coincides with Λ(G) = Λ(Uh). Hence suppose
that N is larger than 2. In this case θ+Uh([g]) does not vanish if and only if
g is contained in one of the conjugates of Uh, and we may therefore assume
that g is contained in Uh without loss of generality. The normaliser NU
f
h
acts upon Ufh by conjugation, which induces a group antihomomorphism
inn: (NUfh )
op → Aut(Ufh ) ∼= F×p . Note that it is trivial since NUfh is a
p-group. Therefore for every u in Uh not contained in Γ, its conjugate
a−1ua is equal to u if a is contained in NUfh and is not contained in Uh
otherwise. For each γ in Γ, its conjugate a−1γa always equals γ as in the
previous case. Consequently we have
IUh = p
N−1Zp[[Γ]]⊕
p−1⊕
i=1
pnh−1hiZp[[Γ]]
(this equality is also valid when N equals 1).
Calculation of IUh,c for h in H except for e and c (N ≥ 2). We obtain
a group antihomomorphism
inn: (NUfh,c)
op → Aut(Ufh,c)
in the same argument as that in the previous case. Since the automorphism
group Aut(Ufh,c) is isomorphic to GL2(Fp) and its cardinality is equal to
p(p− 1)2(p+ 1)/2, we have to consider the following two cases:
Case (a) the image of inn is trivial;
Case (b) the image of inn is a cyclic group of degree p.
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Zp[[Uh]]

Zp[[Γ]]
(= Zp[[Ue]])
Figure 1. Trace and norm relation for FA.
In Case (a) it is easy to see that NUfh,c coincides with NU
f
h (in particular
the cardinality of NUfh,c is equal to p
nh). Therefore we may calculate IUh,c
in the same way as IUh , and we obtain
IUh,c = p
N−2Zp[[Uc]]⊕
p−1⊕
i=1
pnh−2hiZp[[Uc]].
In Case (b) we may readily show by easy computation that the image
of the map inn is generated by automorphisms induced by hicj 7→ hicki+j
for each 0 ≤ k ≤ p − 1. Its kernel obviously coincides with NUfh , and the
cardinality of NUfh,c is thus equal to p
nh+1. This enables us to calculate
IUh,c as
IUh,c = p
N−2Zp[[Uc]]⊕
p−1⊕
i=1
pnh−2hi(1 + c+ . . . + cp−1)Zp[[Γ]].
4.3. Additive theta isomorphisms. Now set
θ+A = (θ
+
U )U∈FA : Zp[[Conj(G)]]→
∏
U∈FA
Zp[[U ]]
and let Φ be the Zp-submodule of
∏
U∈FA
Zp[[U ]] consisting of all elements
y• satisfying the following two conditions:
• (trace relation) the equation TrZp[[Uh]]/Zp[[Γ]]yh = ye holds for each
Zp[[Uh]]-component yh of y• (see Figure 1);
• each Zp[[U ]]-component yU of y• is contained in IU .
Proposition 4.3. The map θ+A induces an isomorphism of Zp-modules
θ+A : Zp[[Conj(G)]]
∼−→ Φ.
We call the induced isomorphism θ+A the additive theta isomorphism for FA.
Proof. It is easy to see that Φ contains the image of θ+A by construction.
Injectivity. Take an element y from the kernel of θ+A and let ρ be an arbi-
trary Artin representation of G. Note that ρ is isomorphic to a Z[1/p]-linear
combination
∑
U∈FA
aU Ind
G
UχU by condition (♯)A where each χU is a finite-
order character of the abelian group U . If we let χρ denote the character
associated to the Artin representation ρ, we obtain the equation
χρ(y) =
∑
U∈FA
aUχU ◦ TrZp[[Conj(G)]]/Zp[[U ]](y)
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Zp[[U/V ]]
trace
&&N
NN
NN
NN
NN
NN
Zp[[U
′/V ′]]
canV
′
Vwwo
oo
oo
oo
oo
oo
Zp[[U
′/V ]]
Figure 2. Trace compatibility condition for FB.
by the explicit formula for induced characters [Serre1, Section 7.2]. This
implies that χρ(y) vanishes (recall that y is an element in the kernel of θ
+
A);
in other words, the evaluation at y of an arbitrary class function on G is
equal to zero. Therefore y itself is trivial.
Surjectivity. For an arbitrary element y• in Φ, let y be the element in
Zp[[Conj(G)]] defined by
y = p−N [ye] +
∑
h∈H\{e}
p−nh+1([yh]− p−1[ye])
(we use the bracket [ · ] for the corresponding element in Zp[[Conj(G)]]).
Then it is not difficult at all to check that the image of y under the map θ+A
coincides with y•. 
Corollary 4.4. Every element y in Zp[[Conj(G)]] is completely determined
by its trace images {θ+U (y)}U∈FA .
Next we extend the notion of the additive theta isomorphism to the Brauer
family FB; for each (U, V ) in FB let θ
+
U,V be the composite map
Zp[[Conj(G)]]
TrZp[[Conj(G)]]/Zp[[Conj(U)]]−−−−−−−−−−−−−−−−→ Zp[[Conj(U)]] canonical−−−−−→ Zp[[U/V ]]
and set θ+B = (θ
+
U,V )(U,V )∈FB . We define the Zp-submodule ΦB of the direct
product
∏
(U,V )∈FB
Zp[[U/V ]] as the submodule consisting of all elements
(yU,V )(U,V )∈FB satisfying the following trace compatibility condition (TCC,
see Figure 2):
the equation TrZp[[U/V ]]/Zp[[U ′/V ]](yU,V ) = can
V ′
V (yU ′,V ′) holds
for arbitrary pairs (U, V ) and (U ′, V ′) in FB such that U
contains U ′ and U ′ contains V respectively (we denote by
canV
′
V the canonical surjection Zp[[U
′/V ′]]→ Zp[[U ′/V ]]);
and the following conjugacy compatibility condition (CCC+):
the equation yU ′,V ′ = ψa(yU,V ) holds if (U, V ) and (U
′, V ′)
are elements in FB such that U
′ = a−1Ua and V ′ = a−1V a
hold for a certain element a inG (we denote by ψa the isomor-
phism Zp[[U/V ]]
∼−→ Zp[[U ′/V ′]] induced by the conjugation
U/V → U ′/V ′;u 7→ a−1ua).
Note that we may naturally regard FA as a subfamily of FB (by identifying
U in FA with the pair (U, {e}) in FB).
Proposition 4.5. Let (yU,V )(U,V )∈FB be an element in ΦB and assume that
(yU,{e})U∈FA is contained in Φ. Then there exists a unique element y in
Zp[[Conj(G)]] which satisfies θ
+
B(y) = (yU,V )(U,V )∈FB .
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Proof. Consider the following commutative diagram (we denote the canon-
ical projection by proj):
Zp[[Conj(G)]]
θ+B
//
∏
(U,V )∈FB
Zp[[U/V ]]
proj

Zp[[Conj(G)]]
θ+A
∼
// Φ


//
∏
U∈FA
Zp[[U ]].
Then proj((yU,V )(U,V )∈FB ) is contained in Φ by assumption, and thus there
exits a unique element y in Zp[[Conj(G)]] which corresponds to the element
proj((yU,V )(U,V )∈FB ) via the additive theta isomorphism θ
+
A for FA (Propo-
sition 4.3). We have to show that θ+B(y) coincides with (yU,V )(U,V )∈FB , and
for this purpose it suffices to show that proj induces an injection on ΦB
(note that the element (θ+U,V (y))(U,V )∈FB obviously satisfies both (TCC)
and (CCC+) by construction; hence θ+B(y) is an element in ΦB). Let
(zU,V )(U,V )∈FB be an element in ΦB satisfying the following equation:
proj((zU,V )(U,V )∈FB ) = (zU,{e})U∈FA = 0.(4.1)
We shall prove that zU,V = 0 holds for each (U, V ) in FB by induction
on the cardinality of Uf . First note that zU,{e} = 0 holds for (U, {e}) if the
cardinality of Uf is smaller than p (use (4.1) and the conjugacy compatibility
condition (CCC+)). Now let (U, V ) be an element in FB such that the
degree of Uf is equal to pk for certain k larger than 2 and set W = Uf/V f .
Then the abelian group W is isomorphic to (Z/pZ)⊕d for a certain natural
number d smaller than k (the structure theorem of finite abelian groups).
Moreover we may assume that d is larger than 2.2 Since the element zU,V
is represented as a Λ(Γ)-linear combination
∑
w∈W aww, it suffices to prove
that aw equals zero for every w inW . Take an arbitrary element x of degree
p in W , and let Ufx denote the inverse image of 〈x〉—the cyclic subgroup of
W generated by x— under the canonical surjection Uf →W . Obviously the
cardinality of Ufx is strictly smaller than pk. If we set Ux = U
f
x ×Γ, we may
explicitly calculate the image of zU,V under the trace map from Zp[[U/V ]]
to Zp[[Ux/V ]] as
∑p−1
i=0 p
d−1axix
i. On the other hand the element zUx,Vx
is equal to zero by induction hypothesis (here Vx denotes the commutator
subgroup of Ux). Therefore axi = 0 holds for each i by (TCC). Replacing x
appropriately, we may verify that aw = 0 holds for every w in W . 
5. Preliminaries for logarithmic translation
This section is devoted to technical preliminaries for arguments in Sec-
tion 6.
5.1. Augmentation theory. For each (U, V ) in FB, let augU,V denote the
augmentation map from Λ(U/V ) to Λ(Γ) (namely it is a ring homomorphism
induced by the projection U/V → Γ), and let augU,V : Ω(U/V ) → Ω(Γ)
2We may easily verify that the cardinality of V f is always smaller than pk−2 by induc-
tion on the cardinality of Uf .
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be its reduction modulo p. Let ϕ : Λ(G) → Λ(Γ) denote “the Frobenius
endomorphism” on Λ(G) defined as the composition
Λ(G)
augG−−−→ Λ(Γ) ϕΓ−−→ Λ(Γ)
where augG is the canonical augmentation map and ϕΓ is the Frobenius en-
domorphism on Λ(Γ) induced by γ 7→ γp. Let θU,V denote the composition of
the norm map NrΛ(G)/Λ(U) with the canonical map K1(Λ(U))→ Λ(U/V )×.
The author is grateful to Takeshi Tsuji for presenting the following useful
proposition to him.
Proposition 5.1. Let (U, V ) be an element in FB and JU,V the kernel of
the composite map
Λ(U/V )
augU,V−−−−→ Λ(Γ) mod p−−−→ Ω(Γ).
Then the element ϕ(x)−(G:U)/pθU,V (x) is contained in 1+JU,V for each x in
K1(Λ(G)) if U is a proper subgroup of G. In other words, the congruence
θU,V (x) ≡ ϕ(x)(G:U)/pmodJU,V holds unless U coincides with G.
Before the proof we remark that the image of an element x in K1(Λ(G))
under the map θU,V can be calculated as follows: since the Iwasawa algebra
Λ(G) is regarded as a left free Λ(U)-module of finite rank r = (G : U), the
right-multiplication-x map is represented by an invertible matrix Ax with
entries in Λ(U).3 The element θU,V (x) then coincides with the determinant
of the image of Ax under the canonical map GLr(Λ(U))→ GLr(Λ(U/V )).
Proof. The claim is equivalent to the following Proposition 5.2 since both
Λ(G) and Λ(U/V ) are p-adically complete. 
Let ϕ¯ : Ω(G) → Ω(Γ) denote the Frobenius endomorphism on Ω(G) de-
fined as ϕ ⊗Zp Fp and let θ¯U,V denote the composition of the norm map
NrΩ(G)/Ω(U) with the canonical map K1(Ω(U))→ Ω(U/V )×.
Proposition 5.2. Let J¯U,V be the kernel of the augmentation map
Ω(U/V )
augU,V−−−−→ Ω(Γ).
Then the element defined as ϕ¯(x)−(G:U)/pθ¯U,V (x) is contained in 1 + J¯U,V
for each x in K1(Ω(G)).
Remark 5.3. Proposition 5.2 is valid even if U coincides with G (indeed
ϕ¯(x) can be described as a p-th power of a certain element, see the proof of
Proposition 5.2). However there exists an obstruction for taking the projec-
tive limit if the exponent (G : U)/p of ϕ(x) is not integral. Therefore the
case where U coincides with G remains as an exception to Proposition 5.1.
Proposition 5.2 is deduced from the following elementary lemma in mod-
ular representation theory.
Lemma 5.4. Let K be a field of positive characteristic p, ∆ a finite p-group
and V a finite dimensional representation space of ∆ over K. Let aug denote
the canonical augmentation map K[∆]→ K. Take a natural number n such
that pn is larger than the K-dimension of V . Then for each x in K[∆],
3By abuse of notation, we use the same symbol x for an arbitrary lift of x to Λ(G)×.
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the action of xp
n
upon V coincides with the multiplication by aug(x)p
n
. In
particular the equation x♯∆ = aug(x)♯∆ holds.
Proof. Let d be the K-dimension of V . The group ring K[∆] is a local ring
whose maximal ideal is the augmentation ideal since K is of characteristic p
and ∆ is a p-group. Therefore the only simple K[∆]-module (up to isomor-
phisms) is K endowed with trivial ∆-action, and moreover there exists a
Jordan-Schreier composition series
V = V1 ) V2 ) · · · ) Vd ) Vd+1 = {0}
such that each quotient space Vi/Vi+1 is isomorphic to K. Take an arbi-
trary element ei in Vi not contained in Vi+1 for each 1 ≤ i ≤ d. Then
{e1, e2. . . . , ed} forms a basis of V over K, with respect to which the action
of x is represented by an upper triangular matrix all of whose diagonal com-
ponents are equal to aug(x). This implies the first claim. The second claim
is deduced from the first one (take n as the p-order of ∆ and apply the claim
to the regular representation V = K[∆]). 
Proof of Proposition 5.2. Identify the modulo p Iwasawa algebra Ω(U/V )
with the group ring Ω(Γ)[Uf/V f ], and let K be the fractional field of Ω(Γ).
Then we may naturally regard each t in Ω(U/V ) as an element inK[Uf/V f ],
and therefore the equation
t♯(U
f/V f ) = augU,V (t)
♯(Uf /V f )(5.1)
holds by Lemma 5.4. Now let x be an arbitrary element in Ω(G)×, and set
z = augG(x) and y = xz
−1. Then we obtain augG(y) = 1 and
θ¯(x) = θ¯(y)θ¯(z)(5.2)
by definition (here we denote the map θ¯U,V by θ¯ to simplify the notation).
Since z is an element in Ω(Γ) (and hence z is contained in the centre of
Ω(G)), the image of z under the norm map θ¯ coincides with z(G:U) by direct
calculation. On the other hand we may calculate ϕ¯(x) as follows:
ϕ¯(x) = ϕ¯(y)ϕ¯(z) = ϕ¯(augG(y))ϕ¯(z) = z
p (use augG(y) = 1).(5.3)
Hence the equation ϕ¯(x)−(G:U)/pθ¯(x) = θ¯(y) holds by (5.2) and (5.3). More-
over (5.1) implies that yp
N
is equal to augG(y)
pN = 1, and therefore θ¯(y)p
N
is also trivial. The same argument as above derives a similar equation
θ¯(y)♯(U
f /V f ) = augU,V (θ¯(y))
♯(Uf /V f ), and consequently the equation
augU,V (θ¯(y))
pN = θ¯(y)p
N
= 1
holds. Since Ω(Γ) is a domain (recall that Ω(Γ) is isomorphic to the formal
power series ring Fp[[T ]]), the last equation implies that augU,V (θ¯(y)) itself
is trivial; in other words θ¯(y) is contained in 1 + J¯U,V . 
The last paragraph of the proof above implies that θU,V (y) is contained
in 1 + JU,V if y is an element in Λ(G) satisfying augG(y) ≡ 1mod p. By
replacing G and U appropriately, we obtain the following useful corollary:
Corollary 5.5. Let (U, V ) be an element in FB such that U does not contain
a non-trivial central element c. Then the norm map NrΛ(U×〈c〉/V )/Λ(U/V )
induces a group homomorphism from 1 + JU×〈c〉,V to 1 + JU,V .
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Remark 5.6. Both 1 + JU×〈c〉,V and 1 + JU,V are actually multiplicative
groups; see Proposition 5.7 for details.
5.2. Logarithmic theory. Let us study the p-adic logarithm on 1 + JU,V
for each (U, V ) in FB, as well as those on 1 + IU for each U in F
c
A.
Proposition 5.7. For each (U, V ) in FB, let JU,V be as in Proposition 5.1.
Then
(1) the subset 1+ JU,V of Λ(U/V ) is a multiplicative subgroup of Λ(U/V )
×;
(2) for each y in JU,V , the logarithm log(1 + y) =
∑∞
m=1(−1)m−1ym/m
converges p-adically in Λ(U/V )⊗Zp Qp;
(3) the kernel (resp. image) of the induced homomorphism
log : 1 + JU,V → Λ(U/V )⊗Zp Qp
is µp(Λ(U/V )) (resp. is contained in Λ(U/V )) where µp(Λ(U/V )) de-
notes the multiplicative subgroup of Λ(U/V )× consisting of all p-power
roots of unity.
Proof. Define augU,V : Ω(U/V )→ Ω(Γ) similarly to the previous subsection,
and let J¯U,V be the kernel of augU,V . Since Ω(U/V ) is commutative, we have
y¯p =
∑
u∈Uf/V f
y¯puu
p =
∑
u∈Uf/V f
y¯pu =
 ∑
u∈Uf/V f
y¯u
p = (augU,V (y¯))p = 0
for an element y¯ =
∑
u∈Uf/V f y¯uu in J¯U,V (each y¯u is an element in Ω(Γ)).
Therefore yp is contained in pΛ(U/V ) for each y in JU,V .
(1) By the remark above, (1 + y)−1 =
∑∞
m=0(−y)m converges p-adically in
1 + JU,V for each 1 + y in 1 + JU,V .
(2) In a similar way the element ym is contained in p[m/p]Λ(U/V ) for each
y in JU,V (for a real number x, we denote by [x] the largest integer not
greater than x), and hence the claim holds.
(3) If we take an element x = 1 + y from 1 + JU,V , we may calculate as
x¯p = 1 + y¯p = 1 where x¯ = 1 + y¯ is the image of x in 1 + J¯U,V . This
implies that xp is an element in 1+pΛ(U/V ) since the p-adic exponential
map and the p-adic logarithmic map define an isomorphism between
pΛ(U/V ) and 1 + pΛ(U/V ) in general (recall that p is odd). Therefore
p log x(= log xp) is contained in pΛ(U/V ), or equivalently log(1+JU,V ) is
contained in Λ(U/V ). Furthermore if we assume that log x = 0 holds for
x in 1 + JU,V , we obtain x
p = 1 by the calculation above, which implies
that x is an element in µp(Λ(U/V )). Conversely log x vanishes for an
arbitrary element x in µp(Λ(U/V )) since Λ(U/V ) is free of p-torsion.

Lemma 5.8. For each U in FcA, let IU be the Zp-submodule of Λ(U) defined
as in Section 3. Then I2U is contained in IU . Moreover,
(1) when N is larger than 1, the Zp-module IΓ is contained in JΓ = pΛ(Γ);
(2) when N is larger than 2, the Zp-module IUh is contained in pΛ(Uh)
(hence also in JUh) for each h in H \ {e}, and there exist canonical
inclusions pk(N−1)IUh ⊆ Ik+1Uh ⊆ pk(nh−1)IUh for an arbitrary natural
number k;
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(3) when N is larger than 3, the Zp-module IUh,c is contained in pΛ(Uh,c)
(hence also in JUh,c) for each h in H \ {e, c} satisfying the condition of
Case (a), and pk(N−2)IUh,c ⊆ Ik+1Uh,c ⊆ pk(nh−2)IUh,c holds for an arbitrary
natural number k;
(4) when N is larger than 3, the Zp-module IUh,c is contained in JUh,c for
each h in H \ {e, c} satisfying the condition of Case (b), and there exist
canonical inclusions pk(N−2)I2Uh,c ⊆ Ik+2Uh,c ⊆ pk(nh−1)I2Uh,c for an arbitrary
natural number k.
Proof. The first claim is easily checked by direct calculation.
(1) Obvious from the exact description of IΓ (see Section 4.3).
(2) If h is contained in the centre of Gf , the equation nh = N clearly holds.
Otherwise NUfh has to contain the centre of G
f , and therefore nh is at
least 2. In both cases IUh is contained in pΛ(Uh). The last claim is
obvious from the explicit description of IUh .
(3) Recall that ♯NUfh,c = p
nh holds in Case (a). Let U¯fh denote the quotient
group Ufh,c/U
f
c . If h¯ (the image of h in U¯
f
h ) is contained in the centre
of G¯f = Gf/Ufc , the normaliser of U¯
f
h obviously coincides with G¯
f ,
which implies that nh is equal to N . Otherwise there exists a non-
trivial element a¯ in the centre of G¯f . Let a be its lift to Gf , then the
finite subgroup of Gf generated by c, h and a is contained in NUfh,c by
construction. This implies that nh is at least 3. In both cases we may
conclude that IUh,c is contained in pΛ(Uh,c). The last claim is obvious
from the explicit description of IUh,c .
(4) First note that 2 ≤ nh ≤ N − 1 holds since the cardinality of NUfh,c
(which is smaller than pN ) is equal to pnh+1. By using this fact, we may
exactly calculate as
IkUh,c = (p
k(N−2)Zp[[Uc]] + p
k(nh−1)−1(1 + c+ · · ·+ cp−1)Zp[[Γ]])
⊕
p−1⊕
i=1
pk(nh−1)−1hi(1 + c+ · · ·+ cp−1)Zp[[Γ]].
for each k larger than 2. The claim holds by this calculation.

Proposition 5.9. Let U be an element in FcA and assume that U does not
coincide with G if N equals either 0, 1 or 2. Then
(1) the subset 1 + IU of Λ(U) is a multiplicative subgroup of Λ(U)
×;
(2) for each y in IU , the logarithm log(1 + y) =
∑∞
m=1(−1)m−1ym/m con-
verges p-adically in IU ;
(3) the p-adic logarithmic homomorphism induces an isomorphism between
1 + IU and IU .
Proof. The claims of (1) and (2) follow from Lemma 5.8 (use the fact that
yp
m
/pm is contained in IU for each y in IU if p is odd). For (3), first note that
1+IkU is a multiplicative subgroup of 1+IU and the p-adic logarithm induces
a homomorphism from 1 + IkU to I
k
U for each natural number k (similarly
to (1) and (2)). Moreover the IU -adic topology on IU coincides with the
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p-adic topology by Lemma 5.8. Therefore it suffices to show that the p-adic
logarithm induces an isomorphism
log : 1 + IkU/1 + I
k+1
U → IkU/Ik+1U ; 1 + y 7→ y
for each natural number k. Let y be an element in IkU . We have only to
show that yp
m
/pm is contained in Ik+1U for each m ≥ 1, or equivalently,
p−mIkp
m
U is contained in I
k+1
U for every k and m. We may verify it by direct
calculation.4

Remark 5.10. Suppose that N equals either 0, 1 or 2. Then the Artinian
family FcA contains the whole group G by definition. The Zp-module IG
obviously coincides with Λ(G). Thus the p-adic logarithm never converges
on 1 + IG. We remark that the Zp-module IG = Λ(G) is the only exception
to our logarithmic theory discussed in this subsection.
6. Construction of the theta isomorphism II —translation—
In this section we shall construct the multiplicative theta isomorphism by
using the facts studied in Section 5.
6.1. The multiplicative theta isomorphism. Let (U, V ) be an element
in FB. We use the notion “x ≡ y m˜odI” for elements x and y in Λ˜(U/V )×
such that xy−1 is contained in 1+I˜—the image of 1+I under the canonical
surjection Λ(U/V )× → Λ˜(U/V )×— if I is a Zp-submodule of Λ(U/V ) such
that 1+ I is a multiplicative subgroup of Λ(U/V )×. Let Ψ˜′ denote the sub-
group of
∏
(U,V )∈FB
Λ˜(U/V )× consisting of all elements η• = (ηU,V )(U,V )∈FB
satisfying the following three conditions:
• (norm compatibility condition, NCC)
the equation NrΛ(U/V )/Λ(U ′/V )(ηU,V ) = can
V ′
V (ηU ′,V ′) holds for (U, V )
and (U ′, V ′) in FB such that U contains U
′ and U ′ contains V re-
spectively (here canV
′
V is the canonical map Λ(U
′/V ′)→ Λ(U ′/V ));
• (conjugacy compatibility condition, CCC)
the equation ηU ′,V ′ = ψa(ηU,V ) holds for (U, V ) and (U
′, V ′) in FB
such that U ′ = a−1Ua and V ′ = a−1V a hold for a certain element
a in G (we denote by ψa the isomorphism Λ(U/V )
× ∼−→ Λ(U ′/V ′)×
induced by the conjugation U/V → U ′/V ′;u 7→ a−1ua);
• (congruence condition)
the congruence ηU,V ≡ ϕ(ηab)(G:U)/p m˜odJU,V holds for (U, V ) in FB
except for (G, [G,G]) where ηab denotes the Λ˜(G
ab)×-component of
η• (see the previous section for the definition of JU,V ).
Let Ψ˜ (resp. Ψ˜c) be the subgroup of Ψ˜
′ consisting of all elements η•
satisfying the following additional congruence condition (see Section 4 for
the definition of IU ):
(additional congruence condition)
the congruence ηU ≡ ϕ(ηab)(G:U)/p m˜od IU holds for each U
in FA (resp. F
c
A).
4In this calculation we use the fact that p is odd.
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Remark 6.1. When N equals either 0, 1 or 2, we regard the additional
congruence condition for the total group G as the trivial condition (in other
words, we do not impose any congruence condition upon G). Therefore we
have only to consider an element (U, V ) in FB (resp. U in F
c
A) such that U is
a proper subgroup of G in arguments concerning with congruence conditions.
Remark 6.2. For each U in FcA, we may easily check that the ideal JU
contains IU unless U coincides with G by using the explicit description of
IU given in Section 4.2; in particular Ψ˜c is a subgroup of Ψ˜.
Let θU,V be as in Section 5.1 and set θ = (θU,V )(U,V )∈FB , then the map θ
induces a group homomorphism θ˜ : K˜1(Λ(G))→
∏
(U,V )∈FB
Λ˜(U/V )×.
Proposition 6.3. The multiplicative group Ψ˜ coincides with Ψ˜c. Moreover
the map θ˜ induces an isomorphism
θ˜ : K˜1(Λ(G))
∼−→ Ψ˜ (= Ψ˜c).
In order to prove Proposition 6.3, it suffices to verify surjectivity of
K˜(Λ(G)) → Ψ˜ and injectivity of K˜(Λ(G)) → Ψ˜c (see Remark 6.2). The
arguments to verify these two claims will occupy the rest of this section.
6.2. Integral logarithmic homomorphism. We now introduce the inte-
gral logarithmic homomorphisms; for an arbitrary finite p-group ∆, Robert
Oliver and Laurence Robert Taylor defined a homomorphism of abelian
groups (called the integral logarithm)
Γ∆ : K1(Zp[∆])→ Zp[Conj(∆)]; x 7→ log(x)− p−1ϕ(log(x))
where ϕ is “the Frobenius correspondence” on Zp[Conj(∆)] characterised by
ϕ
 ∑
[d]∈Conj(∆)
a[d][d]
 = ∑
[d]∈Conj(∆)
a[d][d
p].
The integral logarithmic homomorphisms are compatible with group homo-
morphisms; that is, the diagram
K1(Zp[∆])
Γ∆
//
f∗

Zp[Conj(∆)]
f∗

K1(Zp[∆
′])
Γ∆′
// Zp[Conj(∆
′)]
(6.1)
commutes for an arbitrary homomorphism f : ∆ → ∆′ of finite p-groups
(the symbol f∗ denotes the homomorphism of abelian groups induced by f).
It is known that the sequence
1→ K1(Zp[∆])/K1(Zp[∆])tors Γ∆−−→ Zp[Conj(∆)] ω∆−−→ ∆ab → 1(6.2)
is exact where ω∆ is the homomorphism of abelian groups defined by
ω∆
 ∑
[d]∈Conj(∆)
a[d][d]
 = ∏
[d]∈Conj(∆)
d¯a[d]
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(here we denote by d¯ the image of [d] in ∆ab). Refer to [Oliver, OT] for
details of the properties of integral logarithms.
Now consider the case G = Gf × Γ: let us apply the exact sequence (6.2)
to the finite p-group G(n) = Gf × Γ/Γpn for each natural number n. The
structure of the torsion part of K1(Zp[G
(n)]) has been well studied in [H,
Section 4.4]; in fact, it is described as
K1(Zp[G
(n)])tors ∼= µp−1(Zp)×G(n),ab × SK1(Zp[Gf ])(6.3)
by the theorem of Charles Terence Clegg Wall [Wall, Theorem 4.1] where
µp−1(Zp) denotes the subgroup of Z
×
p consisting of all (p − 1)-th roots of
unity. By taking the projective limit,5 we obtain the following exact sequence
(note that the projective limit lim←−nK1(Zp[G
(n)]) actually coincides with
K1(Λ(G)); see [FukKat, Proposition 1.5.1]):
1→ K1(Λ(G))/ lim←−
n
K1(Zp[G
(n)])tors
ΓG−−→ Zp[[Conj(G)]] ωG−−→ Gab → 1.
(6.4)
Moreover (6.3) implies that the projective limit lim←−nK1(Zp[G
(n)])tors is iso-
morphic to the direct product µp−1(Zp) × Gab × SK1(Zp[Gf ]). We may,
therefore, identify the p-torsion part K1(Λ(G))p-tors of the Whitehead group
K1(Λ(G)) with G
f,ab × SK1(Zp[Gf ]) (recall that SK1(Zp[Gf ]) is a finite
p-group [Wall, Theorem 2.5]).
We remark that the p-th power Frobenius endomorphism g 7→ gp is well
defined on G in our case since the exponent of Gf equals p. We use the same
symbol ϕ for the Frobenius endomorphism on G, then it obviously induces
the Frobenius correspondence on Zp[[Conj(G)]]. The notion ϕ introduced
here is compatible with the one defined in Section 5.
6.3. The group Ψ˜c contains the image of θ˜. In this subsection we prove
that Ψ˜c contains the image of θ˜ (and hence Ψ˜ also does by Remark 6.1).
Lemma 6.4. The multiplicative group Ψ˜′ contains the image of θ˜.
Proof. The element (θ˜U,V (η))(U,V )∈FB satisfies both (NCC) and (CCC) for
each η in K˜1(Λ(G)) by the basic properties of norm maps in algebraic
K-theory. Moreover the congruence θ˜U,V (η) ≡ ϕ(θ˜ab(η))(G:U)/p m˜od JU,V
holds unless U coincides with G by Proposition 5.1 (we denote by θ˜ab the
homomorphism K˜1(Λ(G))→ Λ˜(Gab)× induced by the abelisation map; note
that ϕ(θ˜ab(η)) obviously coincides with ϕ(η) by definition). 
By virtue of Lemma 6.4 we have only to verify the following proposition
to show that Ψ˜c contains the image of θ˜.
Proposition 6.5. Let η be an element in K˜1(Λ(G)). Then the congruence
θ˜U (η) ≡ ϕ(θ˜ab(η))(G:U)/p m˜od IU holds for each U in FcA.
5Since K1(Zp[G
(n+1)])/K1(Zp[G
(n+1)])tors → K1(Zp[G
(n)])/K1(Zp[G
(n)])tors is surjec-
tive, the exact sequence (6.2) for the projective system with respect to {G(n)}n∈N satisfies
the Mittag-Leffler condition. Therefore we may take the projective limit.
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The following lemma relates norm maps in algebraic K-theory to trace
homomorphisms defined in Section 4.2 via p-adic logarithms.
Lemma 6.6 (compatibility lemma). Let (U, V ) and (U ′, V ′) be elements in
FB such that U contains U
′. Then the following diagram commutes:
K1(Λ(U))
log
//
NrΛ(U)/Λ(U′)

Qp[[Conj(U)]]
TrQp[[Conj(U)]]/Qp[[Conj(U′)]]

K1(Λ(U
′))
log
// Qp[[Conj(U
′)]].
Proof. We may prove that the diagram commutes for each finite quotient
U (n) = Uf × Γ/Γpn and U ′(n) = U ′f × Γ/Γpn by the same argument as that
in [H, Lemma 4.7]. Hence the claim holds by taking the projective limit. 
Proof of Proposition 6.5. We may assume that U does not coincide with
G without loss of generality (see Remark 6.1). Let θab (resp. θ
+
ab) be the
homomorphism K1(Λ(G)) → Λ(Gab)× (resp. Zp[[Conj(G)]] → Zp[[Gab]])
induced by the abelisation map G → Gab. Then we may easily check that
the following diagram commutes for each (U, V ) in FB:
Qp[[Conj(G)]]
Qp⊗Zpθ
+
ab−−−−−−−−−−−−−→ Qp[[Gab]]
1
p
ϕ
y y (G:U)p ϕ
Qp[[Conj(G)]] −−−−−−−−−−−−−−→
Qp⊗Zpθ
+
U,V
Qp[[U/V ]].
(6.5)
Note that ϕ(θ˜ab(η))
−(G:U)/p θ˜U (η) is contained in 1 + J
˜
U for each U in F
c
A
because (θ˜U,V (η))(U,V )∈FB is an element in Ψ˜
′ (Lemma 6.4). Then Proposi-
tion 5.7 (3) asserts that the element log(ϕ(θ˜ab(η))
−(G:U)/p θ˜U(η)) is contained
in Λ(U). On the other hand, we may calculate as
(6.6)
θ+U,V ◦ ΓG(η) = (Qp ⊗Zp θ+U,V )(log(η)) − (Qp ⊗Zp θ+U,V )(p−1ϕ(log(η)))
= log(θU,V (η)) − (G : U)
p
ϕ(log(θab(η)))
= log
θU,V (η)
ϕ(θab(η))(G:U)/p
for each (U, V ) in FB (the first equality is nothing but the definition of the
integral logarithm and the second follows from Lemma 6.6 and (6.5)).6 In
particular log(ϕ(θab(η))
−(G:U)/pθU (η)) is contained in IU for each U in F
c
A
by definition. Recall that for each U in FcA the p-adic logarithm is injective
on 1 + J˜U (Proposition 5.7) and it induces an isomorphism between 1 + I
˜
U
and IU (Proposition 5.9 (3)) unless U coincides with G. Therefore we may
conclude that ϕ(θ˜ab(η))
−(G:U)/pθ˜U (η) is contained in 1 + I
˜
U , which implies
the desired additional congruence for U . 
6For the abelisation θab = θG,[G,G], we use the notation log(ϕ(η)
−1/pθab(η)) for an
element defined as ΓGab(θab(η)) = log(θab(η))− p
−1 log(ϕ(θab(η))) by abuse of notation.
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By Lemma 6.4 and Proposition 6.5, we may conclude that Ψ˜ (resp. Ψ˜c)
contains the image of θ˜; in other words, θ˜ induces a homomorphism
θ˜ : K˜1(Λ(G))→ Ψ˜ (resp. Ψ˜c).
6.4. Proof of the isomorphy of θ˜. We shall verify the isomorphy of θ˜ in
this subsection.
Proposition 6.7. The homomorphism θ˜ : K˜1(Λ(G)) → Ψ˜c is injective.
Proof. Take an arbitrary element from the kernel of θ˜ and let η denote its
lift to K1(Λ(G)). Then θ
+
U,V ◦ΓG(η) vanishes for each (U, V ) in FB by (6.6).
Hence ΓG(η) coincides with zero since θ
+
B is injective (Proposition 4.5);
equivalently the element η is contained in the kernel of the integral loga-
rithm ΓG. Combining this fact with Wall’s theorem (see [Wall, Theorem 4.1]
and (6.3)), we may regard η as an element in µp−1(Zp)×Gab×SK1(Zp[Gf ]).
Furthermore the abelisation map θab induces the canonical projection from
µp−1(Zp)×Gab × SK1(Zp[Gf ]) onto µp−1(Zp) × Gab when it is restricted
to the kernel of ΓG. Since θ˜ab(η) vanishes by assumption, the element η is
contained in Gab,f×SK1(Zp[Gf ]), and in particular η is a p-torsion element.
This implies that the image of η in K˜1(Λ(G)) reduces to be trivial. 
Proposition 6.8. The homomorphism θ˜ : K˜1(Λ(G)) → Ψ˜ is surjective.
Let η• be an element in Ψ˜. Since η• is in particular contained in Ψ˜
′, the
element log(ϕ(ηab)
−(G:U)/pηU,V ) can be defined as an element in Λ(U/V )
for each (U, V ) in FB (Proposition 5.7 (2) and the definition of the integral
logarithm for Gab).
Lemma 6.9. The element (log(ϕ(ηab)
−(G:U)/pηU,V ))(U,V )∈FB is contained
in ΦB. Moreover (log(ϕ(ηab)
−(G:U)/pηU ))U∈FA is contained in Φ.
Proof. Set yU,V = log(ϕ(ηab)
−(G:U)/pηU,V ) for each (U, V ) in FB. Then we
may easily verify that (yU,V )(U,V )∈FB satisfies both (TCC) and (CCC+) (due
to (NCC), (CCC) and Lemma 6.6). Hence (yU,V )(U,V )∈FB is contained in
ΦB. Moreover ϕ(ηab)
−(G:U)/pηU is contained in 1 + I
˜
U for each U in FA
by additional congruence condition, and thus yU = log(ϕ(ηab)
−(G:U)/pηU )
is contained in IU by Proposition 5.9. This implies that (yU )U∈FA is an
element in Φ. 
Proof of Proposition 6.8. First note that there exists a unique element y
in Zp[[Conj(G)]] which satisfies θ
+
B(y) = (log(ϕ(ηab)
−(G:U)/pηU,V ))(U,V )∈FB
by Proposition 4.5 and Lemma 6.9. In particular the equation
(6.7) θ+ab(y) = log ηab −
1
p
ϕ(log ηab) = ΓGab(ηab)
holds. Then we may calculate as
ωG(y) = ωGab ◦ θ+ab(y) = ωGab ◦ ΓGab(ηab) = 1
where the first equality directly follows from the definition of ωG and ωGab
(see Section 6.2), the second follows from (6.7) and the last follows from
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(6.4). The sequence (6.4) also asserts that there exists an element η′ in
K1(Λ(G)) which satisfies ΓG(η
′) = y. Furthermore we obtain
ΓGab(θ˜ab(η
′)) = θ+ab ◦ ΓG(η′) = θ+ab(y) = ΓGab(yab)
by using (6.7). Since the kernel of ΓGab is identified with µp−1(Zp) × Gab
by the theorem of Graham Higman [Higman], there exists an element τ in
µp−1(Zp) × Gab such that the equation θ˜ab(η′)τ = ηab holds. Set η = η′τ .
By construction, the abelisation θ˜ab(η) of η coincides with ηab and
log
ηU,V
ϕ(ηab)(G:U)/p
= θ+U,V (y) = θ
+
U,V ◦ ΓG(η) = log
θ˜U,V (η)
ϕ(θ˜ab(η))(G:U)/p
holds for each (U, V ) in FB except for (G, [G,G]) (the first equality is due to
the construction of y and the last is due to (6.6)). Then θ˜U,V (η) coincides
with ηU,V because the p-adic logarithm induces an injection on 1 + J
˜
U,V
(Proposition 5.7); in other words the image of η under the map θ˜ coincides
with η•, which asserts that θ˜ : K˜1(Λ(G)) → Ψ˜ is surjective. 
7. Localized version
In this section we study “the localised theta map;” more precisely, let
θS,U,V be the composition of the norm map NrΛ(G)S/Λ(U)S with the canon-
ical homomorphism K1(Λ(U)S) → Λ(U/V )×S for each (U, V ) in FB and set
θS = (θS,U,V )(U,V )∈FB . It is obvious that θS induces a group homomorphism
θ˜S : K˜1(Λ(G)S)→
∏
(U,V )∈FB
Λ˜(U/V )×S . We shall study the image of θ˜S .
Let Λ(Γ)(p) denote the localisation of the Iwasawa algebra Λ(Γ) with
respect to the prime ideal pΛ(Γ), and let R denote its p-adic completion
Λ(Γ)̂(p) for simplicity. We remark that for each finite p-group ∆, the localised
Iwasawa algebra Λ(∆×Γ)S is identified with the group ring Λ(Γ)(p)[∆] under
the identification Λ(∆×Γ) ∼= Λ(Γ)[∆] (see [CFKSV, Lemma 2.1]). Now for
each (U, V ) in FB, let JS,U,V (resp. J
̂
U,V ) be the kernel of the composition
Λ(U/V )S
augmentation−−−−−−−−→ Λ(Γ)(p) → Λ(Γ)(p)/pΛ(Γ)(p)
(resp. R[Uf/V f ]
augmentation−−−−−−−−→ R −−−−−−−→ R/pR).
Then we may easily verify that the intersection of ĴU,V and Λ(U/V )S (resp.
JS,U,V and Λ(U/V )) coincides with JS,U,V (resp. JU,V ) under the identi-
fication Λ(U/V )S ∼= Λ(Γ)(p)[Uf/V f ]. Since the group ring R[Uf/V f ] is
p-adically complete, the p-adic logarithm converges on 1+ĴU,V and induces
an injection log : (1 + ĴU,V )
˜→ R[Uf/V f ] unless U coincides with G (sim-
ilarly to Proposition 5.7). Let Ψ˜′S be the subgroup of the direct product∏
(U,V )∈FB
Λ˜(U/V )×S consisting of all elements ηS,• satisfying norm compat-
ibility condition (NCC)S , conjugacy compatibility condition (CCC)S and
the following congruence for each (U, V ) in FB except for (G, [G,G]):
7
ηS,U,V ≡ ϕ(ηS,ab)(G:U)/p m˜od JS,U,V .
7We may naturally extend both (NCC) and (CCC) to the localised versions (NCC)S
and (CCC)S in an obvious manner.
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Let Ψ˜S (resp. Ψ˜S,c) be the subgroup of Ψ˜
′
S consisting of all elements ηS,•
satisfying the following additional congruence condition:
(additional congruence condition)
the congruence ηS,U ≡ ϕ(ηS,ab)(G:U)/p m˜od IS,U holds for each
U in FA (resp. F
c
A) where IS,U is the Λ(Γ)(p)-module defined
as IU ⊗Λ(Γ) Λ(Γ)(p).
The group Ψ˜S,c is a subgroup of Ψ˜S (as Ψ˜c is that of Ψ˜; see also Remark 6.1).
Lemma 7.1. The intersection of ÎU and Λ(U)S (resp. IS,U and Λ(U)) co-
incides with IS,U (resp. IU ).
Proof. We shall only prove the claim IS,U ∩ Λ(U) = IU (the other one is
verified by much simpler calculation). The Zp-module IU is obviously con-
tained in the intersection IS,U ∩ Λ(U) by construction. Note that IS,U is
a free Λ(Γ)(p)-submodule of Λ(U)S each of whose generators is obtained
as finite sum of {pju}0≤j≤N,u∈Uf (see the explicit description of IU given
in Section 4.2). Hence an arbitrary element in IS,U ∩ Λ(U) is described
as a Λ(Γ)(p) ∩ Λ(Γ)[p−1]-linear combination of generators of IS,U , which
implies that the intersection IS,U ∩ Λ(U) is contained in IU (observe that
Λ(Γ)(p) ∩Λ(Γ)[p−1] coincides with Λ(Γ) and generators of IS,U over Λ(Γ)(p)
coincides with those of IU over Λ(Γ)). 
Proposition 7.2. Both Ψ˜S and Ψ˜S,c contain the image of θ˜S.
Sketch of the proof. Let ηS be an arbitrary element in K˜1(Λ(G)S). By the
same argument as that in the proof of Lemma 6.4, we may verify that Ψ˜′S
contains the image of θ˜S. Then the element ϕ(θS,ab(ηS))
−(G:U)/pθS,U,V (ηS)
(which we denote by η′S,U,V in the following) is contained in 1 + JS,U,V
for (U, V ) in FB except for (G, [G,G]) by congruence condition, and it is
regarded as an element in 1 + ĴU,V in a natural way. Hence we may define
log η′S,U,V as an element in R[U
f/V f ]. On the other hand we may easily
show that for each U in FcA the image of the trace map TrR[Conj(Gf )]/R[Uf ]
coincides with the R-module ÎU defined as IU ⊗Λ(Γ) R (here we assume
that U does not coincide with G; see Remark 6.1). Moreover the image
of ηS under the composite map TrR[Conj(Gf )]/R[Uf ] ◦ ΓR,Gf is calculated as
log η′S,U by calculation similar to (6.6) where ΓR,Gf is the integral logarithm
K1(R[G
f ]) → R[Conj(Gf )] with coefficient in R (see [H, Section 1.1 and
Remark 5.2]). This implies that log η′S,U is contained in I
̂
U for each U in F
c
A.
Then we obtain the congruence θ˜S,U(ηS) ≡ ϕ(θ˜S,ab(ηS))(G:U)/p m˜od IS,U by
the logarithmic isomorphism 1 + ÎU
∼−→ ÎU (readily verified in the same
manner as Proposition 5.9) and the relation ÎU∩Λ(U)S = IS,U (Lemma 7.1).
Consequently (θ˜S,U,V (ηS))(U,V )∈FB is contained in Ψ˜S,c (and hence in Ψ˜S).

Proposition 7.3. The intersection of Ψ˜S (resp. Ψ˜S,c) and the direct product∏
(U,V )∈FB
Λ˜(U/V )× coincides with Ψ˜ (= Ψ˜c).
Proof. Use the relations IS,U ∩ Λ(U) = IU for each U in FcA (Lemma 7.1)
and JS,U,V ∩ Λ(U/V ) = JU,V for each (U, V ) in FB. 
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8. Weak congruences upon abelian p-adic zeta functions
In this section we study properties of the p-adic zeta pseudomeasures for
extensions corresponding to certain abelian subquotients of G, especially
congruences which they satisfy. In the rest of this article, we fix embeddings
Q →֒ C and Q →֒ Qp.
8.1. Weak Congruences. For each (U, V ) in FB , let ξU,V denote Serre’s
p-adic zeta pseudomeasure for the abelian extension FV /FU (which is an
element in Λ(U/V )×S ).
Lemma 8.1. The element (ξU,V )(U,V )∈FB in
∏
(U,V )∈FB
Λ˜(U/V )×S satisfies
both norm compatibility condition (NCC) and conjugacy compatibility con-
dition (CCC).
Proof. Let (U, V ) and (U ′, V ′) be elements in FB such that U contains U
′
and U ′ contains V respectively. Then we may easily verify that
NrΛ(U/V )S/Λ(U ′/V )S (f)(ρ) = f(Ind
U
U ′(ρ))
holds for an arbitrary element f in Λ(U/V )×S and an arbitrary continuous
p-adic character ρ of the abelian group U ′/V (due to the definition of the
evaluation map). Hence for an arbitrary finite-order character χ of U ′/V
and an arbitrary natural number r divisible by p− 1, the following equation
holds by the interpolation property (2.1) of ξU,V :
NrΛ(U/V )S/Λ(U ′/V )S (ξU,V )(χκ
r) = ξU,V (Ind
U
U ′(χκ
r))
= LΣ(1− r;FV /FU , IndUU ′(χ))
= LΣ(1− r;FV /FU ′ , χ) = ξU ′,V (χκr).
Then uniqueness of the abelian p-adic zeta pseudomeasures for FV /FU ′ as-
serts that the norm image NrΛ(U/V )S/Λ(U ′/V )S (ξU,V ) of ξU,V coincides with
ξU ′,V . The equation can
V ′
V (ξU ′,V ′) = ξU ′,V is also verified straightforwardly,
and therefore (ξU,V )(U,V )∈FB satisfies (NCC). By a similar formal argument
we may also prove that (ξU,V )(U,V )∈FB satisfies (CCC), but we omit the
details. 
Therefore if (ξU,V )(U,V )∈FB satisfies both congruence condition and ad-
ditional congruence condition, we may conclude that (ξU,V )(U,V )∈FB is con-
tained in Ψ˜S,c (hence also in Ψ˜S). It is, however, difficult to prove the desired
congruences for {ξU,V }(U,V )∈FB directly. In the rest of this section we shall
prove the following weak congruences by using Deligne-Ribet’s theory upon
Hilbert modular forms [DR] (especially using the q-expansion principle).
Proposition 8.2 (weak congruences). Let (U, V ) be an element in FB such
that U does not coincide with G, then there exists an element cU,V in Λ˜(Γ)
×
(p)
and the congruence
ξU,V ≡ cU,V m˜odJS,U,V(8.1)
holds. If U is an element in FcA, the congruence
ξU ≡ cU m˜od I ′S,U(8.2)
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also holds where I ′U is the image of the trace map from Zp[[Conj(NU)]] to
Zp[[U ]] and I
′
S,U is its scalar extension I
′
U ⊗Λ(Γ) Λ(Γ)(p).
Remark 8.3. We may obtain the explicit description of each I ′U by calculation
similar to that in Section 4.2 as follows:
I ′Γ = p
NZp[[Γ]],
I ′Uh = p
nh−1Zp[[Uh]] for h in H \ {e},
I ′Uh,c = p
nh−2Zp[[Uh,c]] for h in H \ {e, c} satisfying (Case-1),
I ′Uh,c = p
nh−1Zp[[Uc]]⊕
p−1⊕
i=1
pnh−2hi(1 + c2 + · · ·+ cp−1)Zp[[Γ]]
for h in H \ {e, c} satisfying (Case-2).
Each I ′U (resp. I
′
S,U) obviously contains IU (resp. IS,U). Moreover the p-adic
logarithm induces an isomorphism between 1 + I ′U and I
′
U (resp. between
1+(I ′U )
̂and (I ′U )
̂where (I ′U )
̂ is defined as I ′U⊗Λ(Γ)R) by the same argument
as that in the proof of Proposition 5.9.
8.2. Ritter-Weiss’ approximation technique. In [RW6], Ju¨rgen Ritter
and Alfred Weiss approximated the p-adic zeta pseudomeasure by using spe-
cial values of partial zeta functions, and derived certain congruences among
p-adic zeta pseudomeasures. In this section we shall derive sufficient condi-
tion for Proposition 8.2 to hold by applying their approximation technique.
Fix an element (U, V ) in FB such that U does not coincide with G, and let
W denote the quotient group U/V (which is abelian by definition). For an
arbitrary open subgroup U of W , we define the natural number m(U) by
κp−1(U) = 1+pm(U)Zp where κ is the p-adic cyclotomic character. Then we
obtain an isomorphism
Zp[[W ]]
∼−→ lim←−
UEW : open
Zp[W/U ]/pm(U)Zp[W/U ](8.3)
(see [RW6, Lemma 1] for details).
Definition 8.4 (partial zeta function). Let ε be a C-valued locally constant
function on W . If ε is constant on an open subgroup U of W , we may
identify ε with a C-linear combination
∑
x∈W/U ε(x)δ
(x) where δ(x) is “the
Dirac delta function at x” (that is, δ(x)(w) equals 1 if w is in the coset x
and 0 otherwise). Then we define the (Σ-truncated) partial zeta function
ζΣFV /FU (s, ε) for FV /FU with respect to the locally constant function ε as∑
x∈W/U ε(x)ζ
Σ
FV /FU
(s, δ(x)) where ζΣFV /FU (s, δ
(x)) is defined as the Dirichlet
series
ζΣFV /FU (s, δ
(x)) =
∑
06=a⊆OFU : integral ideal prime to Σ
δ(x)((FV /FU , a))
(Na)s
(the symbol (FV /FU ,−) denotes the Artin symbol for the abelian extension
FV /FU and Na denotes the absolute norm of the ideal a). It is meromor-
phically continued to the whole complex plane C.
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For an arbitrary natural number k divisible by p − 1 and an arbitrary
element w in W , set
∆wFV /FU (1− k, ε) = ζΣFV /FU (1− k, ε)− κ(w)kζΣFV /FU (1− k, εw)
which is a p-adic rational number due to the results of Helmut Klingen and
Carl Ludwig Siegel [Klingen, Siegel] (we denote by εw the function defined
by εw(w
′) = ε(ww′)).
Proposition 8.5 (approximation lemma, Ritter-Weiss). Let U be an arbi-
trary open normal subgroup of W . Then for each k divisible by p − 1 and
each w in W , the image of the element (1 − w)ξU,V under the canonical
surjection Zp[[W ]]→ Zp[W/U ]/pm(U)Zp[W/U ] is described as∑
x∈W/U
∆wFV /FU (1− k, δ(x))κ(x)−kx mod pm(U).
Proof. See [RW6, Proposition 2]. 
Let j be a natural number andNU the normaliser of U . Then the quotient
group NU/U acts upon W/Γp
j
by conjugation (recall that Γp
j
is abelian).
For each coset y of W/Γp
j
, let (NU/U)y denote the isotropy subgroup of
NU/U at y under this action.
Proposition 8.6 (sufficient condition). Let (U, V ) be an element in FB
except for (G, [G,G]). Then the congruence (8.1) holds if the congruence
∆wFV /FU (1− k, δ(y)) ≡ 0 mod ♯(NU/U)yZp(8.4)
holds for an arbitrary element w in Γ, an arbitrary natural number k divisible
by p−1 and an arbitrary coset y ofW/Γpj not contained in Γ. If U = (U, {e})
is an element in FcA, the congruence (8.4) also gives sufficient condition for
the congruence (8.2) to hold.
Proof. Apply the approximation lemma (Proposition 8.5) to the element
(1−w)ξU,V , and then its image under the canonical surjection from Zp[[W ]]
onto Zp[W/Γ
pj ]/pm(Γ
pj )Zp[W/Γ
pj ] is described as∑
y∈W/Γp
j
∆wFV /FU (1− k, δ(y))κ(y)−ky mod pm(Γ
pj )(8.5)
for an arbitrary natural number k divisible by p − 1. Let y be a coset of
W/Γp
j
not contained in Γ, and consider the NU/U -orbital sum in (8.5)
containing the term associated to y. We may calculate it by applying (8.4)
as follows: ∑
σ∈(NU/U)/(NU/U)y
∆wFV /FU (1− k, δ(σ
−1yσ))κ(σ−1yσ)−kσ−1yσ
= ∆wFV /FU (1− k, δ(y))κ(y)−k
∑
σ∈(NU/U)/(NU/U)y
σ−1yσ
≡ ♯(NU/U)y
∑
σ∈(NU/U)/(NU/U)y
σ−1yσ mod ♯(NU/U)y .
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The element augU,V (Py) = ♯(NU/U)augU,V (y) is obviously divisible by p
if we set Py as the last expression of the equation above (note that the
normaliser of U is strictly larger than U since U is a proper open subgroup
of the pro-p group G). This calculation implies that Py is an element in
JU,V ⊗Λ(Γ) Zp[Γ/Γpj ]/pm(Γp
j
). If U is an element in FcA, the element Py is
no other than the image of y under the trace map from Zp[[Conj(NU)]] to
Zp[[U ]]. Therefore Py is contained in I
′
U ⊗Λ(Γ) Zp[Γ/Γp
j
]/pm(Γ
pj ). Clearly
∆wFV /FU (1−k, δ(y))κ(y)−ky is an element in Zp[Γ/Γp
j
]/pm(Γ
pj ) if y is a coset
contained in Γ, and hence we may show by taking the projective limit that
the element (1−w)ξU,V (resp. (1−w)ξU for U in FcA) is contained in Λ(Γ)+
JU,V (resp. Λ(Γ)+ I
′
U ). Since 1−w is an invertible element in Λ(U/V )S , we
obtain the desired congruences (8.1) and (8.2). 
8.3. Deligne-Ribet’s theory upon Hilbert modular forms. We briefly
summarise the theory of Pierre Deligne and Kenneth Alan Ribet upon
Hilbert modular forms [DR] in this subsection, which we shall use in verifi-
cation of sufficient condition (8.4).
Let K be a totally real number field of degree r and K∞/K an abelian
totally real p-adic Lie extension. Let D be the different of K and Σ a
finite set of prime ideals of K and assume that Σ contains all primes which
ramify in K∞ (we fix such a finite set Σ throughout the following argument).
We denote by hK the Hilbert upper-half space associated to K defined as
{τ ∈ K ⊗ C | Im(τ) ≫ 0}. For an even natural number k, we define the
action of GL2(K)
+—subgroup of GL2(K) consisting of all matrices with
totally positive determinants— upon the set of C-valued functions on hK by
(F |k
(
a b
c d
)
)(τ) = N (ad− bc)k/2N (cτ + d)−kF (aτ + b
cτ + d
)
where N : K ⊗ C→ C denotes the usual norm map.
Definition 8.7 (Hilbert modular forms). Let f be an integral ideal of OK
all of whose prime factors are contained in Σ and set
Γ00(f) = {
(
a b
c d
)
∈ SL2(K) | a, d ∈ 1 + f, b ∈ D−1, c ∈ fD}.
Then a Hilbert modular form F of (parallel) weight k on Γ00(f) is defined as
a holomorphic function F : hK → C which is fixed by the action of Γ00(f)
(namely F |kM = F holds for an arbitrary element M in Γ00(f)).8
Let AfinK denote the finite ade`le ring ofK. Then SL2(A
fin
K ) is decomposed as
Γˆ00(f)·SL2(K) by the strong approximation theorem (we denote by Γˆ00(f) the
topological closure of Γ00(f) in SL2(A
fin
K )). We define the action of SL2(A
fin
K )
upon the set of all C-valued functions on hK by F |kM = F |kMSL2(K) where
MSL2(K) is the SL2(K)-factor of M in SL2(A
fin
K ). For a finite ide`le α of K
and a Hilbert modular form F of weight k on Γ00(f), set
Fα = F |k
(
α 0
0 α−1
)
.
8If K is the rational number field Q, we assume that F is holomorphic at the cusp ∞.
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Then Fα has a Fourier series expansion
Fα = c(0, α) +
∑
µ∈OK ,µ≫0
c(µ, α)qµK , q
µ
K = exp(2π
√−1TrK/Q(µτ))
which we call the q-expansion of F at the cusp determined by α. Especially,
the q-expansion of F at the cusp∞ (determined by 1) is called the standard
q-expansion of F . Deligne and Ribet proved the following deep theorem.
Theorem 8.8 ([DR, Theorem (0.2)]). Let Fk be a Hilbert modular form
of weight k on Γ00(f). Assume that all coefficients of the q-expansion of
Fk at an arbitrary cusp are rational numbers, and assume also that Fk is
equal to zero for all but finitely many k. Set F (α) =
∑
k≥0Nα−kp Fk,α for
a finite ide`le α of K whose p-th component we denote by αp. Then if the
q-expansion of F (γ) has all its coefficients in pjZp for a certain finite ide`le
γ and a certain integer j, the q-expansion of F (α) for an arbitrary finite
ide`le α also has all its coefficients in pjZp.
The following corollary—so-called the q-expansion principle— plays the
most important role in verification of sufficient condition (8.4).
Corollary 8.9 (q-expansion principle). Let Fk and F (α) be as in Theo-
rem 8.8 and j an integer. Suppose that the q-expansion of F (γ) has all its
non-constant coefficients in pjZ(p) for a certain finite ide`le γ. Then for ar-
bitrary two distinct finite ide`les α and β, the difference between the constant
terms of the q-expansions of F (α) and F (β) is also contained in pjZ(p).
Proof. Just apply Theorem 8.8 to F (α)− c(0, γ) and F (β)− c(0, γ) where
c(0, γ) is the constant term of the q-expansion of F (γ). See also [DR,
Corollary (0.3)]. 
Finally we introduce the Hilbert-Eisenstein series attached to a locally
constant C-valued function ε on Gal(K∞/K).
Theorem 8.10 (Hilbert-Eisenstein series). Let ε be a locally constant func-
tion on Gal(K∞/K) and k an even natural number. Then there exists an
integral ideal f of OK all of whose prime factors are contained in Σ, and
there exists a Hilbert modular form Gk,ε of weight k on Γ00(f) (which is
called the Hilbert-Eisenstein series of weight k attached to ε) whose stan-
dard q-expansion is given by
2−rζΣK∞/K(1− k, ε) +
∑
µ∈OK ,µ≫0
 ∑
µ∈a⊆OK ,prime to Σ
ε(a)κ(a)k−1
 qµK
(we use the notation ε(a) and κ(a) for elements defined as ε((K∞/K, a))
and κ((K∞/K, a)) respectively where (K∞/K,−) denotes the Artin symbol
for the abelian extension K∞/K). The q-expansion of Gk,ε at the cusp
determined by a finite ide`le α is given by
N ((α))k
2−rζΣK∞/K(1− k, εa) +
∑
µ ∈ OK
µ≫ 0
 ∑
µ ∈ a ⊆ OK
prime to Σ
εa(a)κ(a)
k−1
 qµK

(8.6)
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where (α) is the ideal generated by α and a is an element in Gal(K∞/K)
defined as (K∞/K, (α)α
−1).
For details, see [DR, Theorem (6.1)].
8.4. Proof of sufficient conditions. In the rest of this section we shall
verify sufficient condition (8.4). This part is a subtle generalisation of the
argument in [H, Section 6.6]. Let j be a sufficiently large integer and y a
coset of W/Γp
j
not contained in Γ. Choose an integral ideal f of OFNU such
that the Hilbert-Eisenstein series Gk,δ(y) over hFU is defined on Γ00(fOFU ).
Then it is easy to see that the restriction G = Gk,δ(y) |hFNU of Gk,δ(y) to hFNU
is also a Hilbert modular form of weight pnUk on Γ00(f) where p
nU is the
cardinality of the quotient group NU/U . The q-expansion of G is directly
calculated as
2−[FU :Q]ζΣFV /FU (1− k, δ(y)) +
∑
ν ∈ OFU
ν ≫ 0
 ∑
ν ∈ b ⊆ OFU
prime to Σ
δ(y)(b)κ(b)k−1
 qtr(ν)FNU
where q
tr(ν)
FNU
denotes exp(2π
√−1TrFNU/Q(TrFU/FNU (ν)τ)). Note that the
quotient group NU/U naturally acts upon the set of all pairs (b, ν) such that
b is a non-zero integral ideal of OFU prime to Σ and ν is a totally positive
element in b. First suppose that the isotropy subgroup (NU/U)(b,ν) is trivial.
Then we can easily calculate the NU/U -orbital sum in the q-expansion of
G containing the term associated to (b, ν) as follows:∑
σ∈NU/U
δ(y)(bσ)κ(bσ)k−1q
tr(νσ)
FNU
= ♯(NU/U)y
∑
σ∈(NU/U)/(NU/U)y
δ(σyσ
−1)(b)κ(b)k−1q
tr(ν)
FNU
(use the obvious formula TrFU/FNU (ν
σ) = TrFU/FNU (ν)).
Next suppose that the isotropy subgroup (NU/U)(b,ν) is not trivial. Let
F(b,ν) be the fixed subfield of FU by (NU/U)(b,ν) and F
comm
(b,ν) the fixed subfield
of F∞ by the commutator subgroup of NU(b,ν). Then (b, ν) is fixed by the
action of Gal(FU/F(b,ν)), and hence ν is an element in F(b,ν) and there exists
a non-zero integral ideal a of OF(b,ν) such that aOFU coincides with b. For
such (a, ν), the equation
δ(y)(b) = δ(y)((FV /FU , aOFU )) = δ(y) ◦Ver((F comm(b,ν) /F(b,ν), a)) = 0
holds because the image of the Verlagerung homomorphism is contained in
Γ (indeed the Verlagerung coincides with the nU -th power of the Frobenius
endomorphism ϕnU if the finite part of the Galois group is of exponent p;
see [H, Lemma 4.3] for details) but y is not contained in Γ.
The calculation above implies that G has all non-constant coefficients in
♯(NU/U)yZ(p). Take a finite ide`le γ such that (FV /FU , (γ)γ
−1) coincides
with w. Then by Deligne-Ribet’s q-expansion principle (Corollary 8.9) the
constant term of G −G (γ) is also contained in ♯(NU/U)yZ(p), which we may
calculate as 2−[FU :Q]∆wFV /FU (1 − k, δ(y)) (use the explicit formula (8.6) for
the q-expansion of G (γ)). Therefore sufficient condition (8.4) holds (recall
that 2 is invertible since p is odd).
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9. Inductive construction of the p-adic zeta functions
We shall complete the proof of our main theorem (Theorem 3.1). We first
construct the p-adic zeta function “modulo p-torsion” for F∞/F , and then
eliminate ambiguity of the p-torsion part.
9.1. Choice of the central element c. In order to let induction work
effectively, we have to choose a “good” central element c which is used in
the construction of the Artinian family FcA (see Section 4.1). The following
elementary lemma implies how to choose such a “good” central element.
Lemma 9.1. Let ∆ be a finite p-group with exponent p and c a non-trivial
central element in ∆. If c is not contained in the commutator subgroup of
∆, the p-group ∆ is isomorphic to the direct product of the cyclic group 〈c〉
generated by c and the quotient group ∆/〈c〉.
Proof. By the structure theorem of finite abelian groups, the abelisation
∆ab of ∆ is decomposed as the direct product of the image of the cyclic
group 〈c〉 and a certain finite abelian p-group H¯ with exponent p. Let H
denote the inverse image of H¯ under the abelisation map ∆ → ∆ab. Then
one may easily verify that H and 〈c〉 generate ∆. The intersection of H
and 〈c〉 is obviously trivial, and H commutes with elements in 〈c〉 since c is
central. 
This lemma asserts that there exists a non-trivial central element c which
is contained in the commutator subgroup of Gf if G is not abelian. We may
assume that G is non-commutative without loss of generality (abelian cases
are just the results of Deligne, Ribet and Wiles), and thus we may always
find a non-trivial central element contained in [G,G].
In the following argument we take a non-trivial central element c from
the commutator subgroup of G and fix it.
9.2. Construction of the p-adic zeta function “modulo p-torsion”.
In this subsection we construct the p-adic zeta function “modulo p-torsion”
for F∞/F , by mimicking Burns’ technique (see Section 2). First consider
the following commutative diagram with exact rows:
K1(Λ(G)) //
θ

K1(Λ(G)S)
∂
//
θS

K0(Λ(G),Λ(G)S) //
norm

0
∏
FB
Λ(U/V )× 

//
∏
FB
Λ(U/V )×S ∂
//
∏
FB
K0(Λ(U/V ),Λ(U/V )S) // 0.
Let f be an arbitrary characteristic element for F∞/F (see Section 1.1)
and set θS(f) = (fU,V )(U,V )∈FB . For each (U, V ) in FB let wU,V be the
element defined as ξU,V f
−1
U,V , which is contained in Λ(U/V )
× by an argument
similar to Burns’ technique. Let w˜U,V denote the image of wU,V in Λ˜(U/V )
×.
Since both (fU,V )(U,V )∈FB and (ξU,V )(U,V )∈FB satisfy conditions (NCC) and
(CCC) (see Proposition 7.2 and Lemma 8.1), the element (w˜U,V )(U,V )∈FB
also satisfies them. Moreover there exists an element d˜U,V (resp. d˜U ) in
Λ˜(Γ)×(p) such that the congruence
w˜U,V ≡ d˜U,V m˜odJS,U,V (resp. w˜U ≡ d˜U m˜od I ′S,U)(9.1)
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holds for each (U, V ) in FB except for (G, [G,G]) (resp. for each U in F
c
A) by
Proposition 7.2 and Proposition 8.2. We remark that these congruences are
not sufficient to prove that (w˜U,V )(U,V )∈FB is contained in Ψ˜ (or equivalently
in Ψ˜c).
Remark 9.2. Unfortunately the congruences (9.1) hold not in Λ(U/V ) (resp.
Λ(U)) but in Λ(U/V )S (resp. Λ(U)S), but we may obtain the integral con-
gruences (9.5) later by “eliminating d˜U,V and d˜U .” The author would like
to appreciate Mahesh Kakde for pointing out the wrong arguments around
these phenomena in the preliminary version of this article.
Theorem 9.3 (strong congruences modulo p-torsion). The congruence
w˜U,V ≡ ϕ(w˜ab)(G:U)/p m˜odJU,V (resp. w˜U ≡ ϕ(w˜ab)(G:U)/p m˜od IU )
holds for each (U, V ) in FB except for (G, [G,G]) (resp. for each U in F
c
A).
Proof. Recall that the non-negative integer N is defined by ♯Gf = pN . We
shall prove the claim by induction on N . We first assume that G is abelian.
Then the element (ξU,{e})(U,{e})∈FB is in fact contained in the image of θ˜S
(use the existence of the p-adic zeta pseudomeasure for F∞/F ), and hence
(ξU,{e})(U,{e})∈FB satisfies desired congruence condition and additional con-
gruence condition. This implies that (w˜U,{e})(U,{e})∈FB also satisfies them.
In particular the cases where N equals either 0, 1 or 2 are done. There-
fore we assume that N is larger than 3 and G is non-commutative in the
following argument.
Now let (U, V ) (resp. U) be an element in FB (resp. F
c
A) such that U
contains the fixed central element c chosen as in Section 9.1. Set G¯ = G/〈c〉,
U¯ = U/〈c〉 and V¯ = V 〈c〉/〈c〉 respectively. Clearly the set of all such (U¯ , V¯ )
is a Brauer family F¯B for G¯, and the set of U¯h = Uh,c/〈c〉 for all h in H is
an Artinian family F¯A for G¯. Note that the norm map NrΛ(G)S/Λ(U)S and
the canonical homomorphism K1(Λ(G)S) → K1(Λ(G¯)S) are compatible,
and note also that the image of ξU,V under the canonical quotient map
Λ(U/V )×S → Λ(U¯/V¯ )×S coincides with the p-adic zeta pseudomeasure ξU¯,V¯
for FV¯ /FU¯ (easily follows from its interpolation property). Hence we may
apply the induction hypothesis to the image ˜¯wU¯ ,V¯ of w˜U,V in Λ˜(U¯/V¯ )
×; in
other words, the congruences
˜¯wU¯ ,V¯ ≡ ϕ( ˜¯wab)(G¯:U¯)/p m˜odJU¯ ,V¯ , ˜¯wU¯ ≡ ϕ( ˜¯wab)(G¯:U¯)/p m˜od IU¯(9.2)
hold for each (U¯ , V¯ ) in F¯B except for (G, [G,G]) and for each U¯ in F¯A if
we define JU¯ ,V¯ and IU¯ analogously to JU,V and IU . On the other hand we
may readily verify that the natural surjection Λ(U/V ) → Λ(U¯/V¯ ) maps
JU,V to JU¯ ,V¯ and IU to IU¯ respectively (use the definition of JU,V and
the explicit description of IU ). Let I
′
U¯
denote the image of the trace map
TrZp[[Conj(NU¯ )]]/Zp[[U¯ ]] for each U¯ in F¯A, and let JS,U¯ ,V¯ (resp. I
′
S,U¯
) denote
the scalar extension JU¯ ,V¯ ⊗Λ(Γ) Λ(Γ)(p) (resp. I ′U¯ ⊗Λ(Γ) Λ(Γ)(p)). Then we
obtain the congruences
˜¯wU¯ ,V¯ ≡ d˜U,V m˜od JS,U¯,V¯ , ˜¯wU¯ ≡ d˜U m˜od I ′S,U¯(9.3)
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by applying the canonical surjection Λ(U/V ) → Λ(U¯/V¯ ) to (9.1) (recall
that I ′
S,U¯
contains IS,U¯). The congruences (9.2) and (9.3) implies that for
(U, V ) in FB except for (G, [G,G]) the element ϕ( ˜¯wab)
−(G¯:U¯)/pd˜U,V is con-
tained in 1 + J˜
S,U¯,V¯
∩ Λ˜(Γ)×(p), which coincides with 1 + pΛ(Γ)˜(p) by defini-
tion. Furthermore for U in FcA the element ϕ( ˜¯wab)
−(G¯:U¯)/pd˜U is contained
in (1 + I ′
S,U¯
)˜∩ Λ˜(Γ)×(p), which coincides with 1 + pnh−ǫΛ(Γ)˜(p) by the ex-
plicit description of I ′
S,U¯
(the integer ǫ is defined as 2 for (Case-1) and 1 for
(Case-2)). Obviously the equations ϕ( ˜¯wab) = ϕ(w˜ab) and (G¯ : U¯) = (G : U)
hold by construction, and therefore the congruences
(9.4)
d˜U,V ≡ ϕ(w˜ab)(G:U)/p m˜od pΛ(Γ)(p),
d˜U ≡ ϕ(w˜ab)(G:U)/p m˜od pnh−ǫΛ(Γ)(p).
hold. Combining (9.4) with (9.1), we obtain the following congruences:9
w˜U,V ≡ ϕ(w˜ab)(G:U)/p m˜odJU,V , w˜U ≡ ϕ(w˜ab)(G:U)/p m˜od I ′U .(9.5)
The former congruence is no other than the desired one. The latter one for
Uc is also the desired one because I
′
Uc
coincides with IUc by definition. Now
consider the congruence for Uh,c. It suffices to consider the case where Uh,c
is a proper subgroup of G (see Remark 6.1). Since log(ϕ(w˜ab)
−pN−3w˜Uh,c)
is contained in I ′Uh,c by (9.5), it is explicitly described as
log
w˜Uh,c
ϕ(w˜ab)p
N−3 =
p−1∑
i=0
pnh−ǫaic
i + (terms containing h)
where each ai is an element in Λ(Γ). Furthermore the equation
log
w˜Uc
ϕ(w˜ab)p
N−2
= TrZp[[Uh,c]]/Zp[[Uc]](log
w˜Uh,c
ϕ(w˜ab)p
N−3
) =
p−1∑
i=0
pnh−ǫ+1aic
i
holds by (TCC). The first expression of the equation above is contained in
IUc = p
N−1Zp[[Uc]] as we have already remarked, and hence there exists
an element bi in Λ(Γ) such that p
nh−ǫ+1ai coincides with p
N−1bi for each
i. Therefore we may conclude that the element log(ϕ(w˜ab)
−pN−3w˜Uh,c) is
contained in IUh,c . This implies the desired congruence for Uh,c because
the logarithm induces an injection on 1 + J˜Uh,c (Proposition 5.7) and an
isomorphism between 1 + I˜Uh,c and IUh,c (Proposition 5.9).
Next let (U, V ) be an element in FB such that U does not contain the
fixed central element c. We claim that U × 〈c〉 does not coincide with G;
indeed if it does, the commutator subgroup of G automatically coincides
with V which does not contain c. This is contradiction since we choose such
c as contained in [G,G] in Section 9.1. Now we apply the argument above
to the pair (U × 〈c〉, V ) and obtain the congruence
w˜U×〈c〉,V ≡ ϕ(w˜ab)(G:U)/p
2
m˜odJU×〈c〉,V
9Since both w˜U,V (resp. w˜U ) and ϕ(w˜ab)
(G:U)/p are contained in Λ˜(U/V )×, the con-
gruence (9.5) actually holds in Λ(U/V ) (resp. in Λ(U)) and we may remove the sub-index
S from the congruence. This is the “eliminating d˜” procedure mentioned in Remark 9.2.
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(use the obvious equation (G : U × 〈c〉) = (G : U)/p). By using (NCC) and
the fact that ϕ(w˜ab) is contained in the centre of Λ˜(U × 〈c〉)×, we have
NrΛ(U×〈c〉/V )/Λ(U/V )(ϕ(w˜ab)
−(G:U)/p2w˜U×〈c〉,V ) = ϕ(w˜ab)
−(G:U)/pw˜U,V .
On the other hand the left hand side of the equation above is contained in
1 + J˜U,V by Corollary 5.5. The desired congruence thus holds for (U, V ).
Finally let Uh be an element in FA and assume that h does not co-
incide with c. By the same argument as above, we may conclude that
ϕ(w˜ab)
−pN−2w˜Uh is contained in 1 + J
˜
Uh
. On the other hand the element
ϕ(w˜ab)
−pN−3w˜Uh,c is contained in 1+ I
˜
Uh,c
by the argument above. Now the
compatibility lemma (Lemma 6.6) enables us to calculate as follows:
TrZp[[Uh,c]]/Zp[[Uh]](log
w˜Uh,c
ϕ(w˜ab)p
N−3 ) = log(NrΛ(Uh,c)/Λ(Uh)(
w˜Uh,c
ϕ(w˜ab)p
N−3 ))
= log
w˜Uh
ϕ(w˜ab)p
N−2 .
The Zp-module TrZp[[Uh,c]]/Zp[[Uh]](IUh,c) is contained in IUh by definition,
and thus log(ϕ(w˜ab)
−pN−2w˜Uh) is also contained in IUh . The desired con-
gruence now holds for Uh because the logarithm induces an injection on
1 + J˜Uh (Proposition 5.7) and an isomorphism between 1 + I
˜
Uh
and IUh
(Proposition 5.9). 
By virtue of Theorem 9.3, we may conclude that (w˜U,V )(U,V )∈FB is an el-
ement in Ψ˜c. Hence there exists a unique element w˜ in K˜1(Λ(G)) such that
θ˜(w˜) = (w˜U,V )(U,V )∈FB holds (Proposition 6.7 and Proposition 6.8). Take
an arbitrary lift of w˜ to K1(Λ(G)) and set ξ˜ = fw˜. Then by construction,
we may easily check that ξ˜ satisfies the following two properties:
(ξ˜-1) the equation ∂(ξ˜) = −[CF∞/F ] holds;
(ξ˜-2) there exists an element τU,V in Λ(U/V )
×
p-tors for each (U, V ) in FB such
that the equation θS(ξ˜) = (ξU,V τU,V )(U,V )∈FB holds.
By using (♯)A and (ξ˜-2), we may show that there exists a p-power root of
unity ζρ,r such that the equation ξ˜(ρκ
r) = ζρ,rLΣ(1 − r;F∞/F, ρ) holds for
an arbitrary Artin representation ρ of G and an arbitrary natural number
r divisible by p− 1. Roughly speaking, the element ξ˜ is the p-adic zeta
function “modulo p-torsion” for F∞/F which interpolates special values of
complex Artin L-functions up to multiplication by a p-power root of unity.
9.3. Refinement of the p-torsion part. We shall finally modify ξ˜ and
reconstruct the p-adic zeta function ξ for F∞/F without any ambiguity
upon p-torsion elements. The author strongly believes that our argument to
remove ambiguity of the p-torsion part is based upon essentially the same
spirits as “the torsion congruence method” used by Ju¨rgen Ritter and Alfred
Weiss [RW5]. We shall, however, adopt somewhat different formalism from
theirs.
Let ξ˜ be the p-adic zeta function “modulo p-torsion” for F∞/F and set
τU,V = ξU,V θS,U,V (ξ˜)
−1 for each (U, V ) in FB. Then τU,V is a p-torsion
element by definition. Moreover τU,V is an element in Λ(U/V )
× by the
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same argument as Burns’ technique. Since the p-torsion part of K1(Λ(G))
is identified with Gf,ab × SK1(Zp[Gf ]) and that of Λ(Gab)× is identified
with Gf,ab respectively (see Section 6.2), we may naturally regard τab as
an element in K1(Λ(G))p-tors. Set ξ = τabξ˜. Then θS,ab(ξ) = ξab obviously
holds by construction.
Theorem 9.4. The equation θS,U,V (ξ) = ξU,V holds for each (U, V ) in FB.
If the claim is verified, we may conclude that ξ satisfies the interpolation
formula (1.3) without any ambiguity by Brauer induction (see Section 2).
Therefore ξ is no other than the “true” p-adic zeta function for F∞/F .
We shall prove Theorem 9.4 by induction on N . First assume that G is
abelian. Then the obvious equation ξ = θS,ab(ξ) = ξab implies that ξ is
actually the p-adic zeta function for F∞/F . In particular the cases in which
N equals either 0, 1 or 2 are done.
Now suppose that N is larger than 3 and G is non-commutative. Let c be
a non-trivial central element in G chosen as in Section 9.1 and set G¯ = G/〈c〉.
Let ξ¯ be the image of ξ under the canonical map K1(Λ(G)S)→ K1(Λ(G¯)S).
Then the element ξ¯ is the p-adic zeta function “modulo p-torsion” for F〈c〉/F
by construction. Furthermore the following diagram commutes since c is con-
tained in the commutator subgroup of G (here θ¯S,ab denotes the abelisation
map for Λ(G¯)S):
K1(Λ(G)S)
θS,ab
//
canonical

Λ(Gab)×S
K1(Λ(G¯)S)
θ¯S,ab
// Λ(G¯ab)×S .
This asserts that θ¯S,ab(ξ¯) = ξab holds, and we may thus apply the induction
hypothesis to ξ¯; in other words we may assume that ξ¯ is the “true” p-adic
zeta function for F〈c〉/F . Now take an arbitrary pair (U, V ) in FB .
(Case-1). Suppose that c is contained in V . Let U¯ and V¯ denote the
quotient groups U/〈c〉 and V/〈c〉 respectively. Let θ¯S,U¯,V¯ be the compo-
sition of the norm map NrΛ(G¯)S/Λ(U¯)S with the canonical homomorphism
K1(Λ(U¯)S) → Λ(U¯/V¯ )×S . Then it is clear that U/V coincides with U¯/V¯
and the theta maps θS,U,V and θ¯S,U¯,V¯ are compatible. Hence we obtain
θS,U,V (ξ) = θ¯S,U¯,V¯ (ξ¯) = ξU¯,V¯ = ξU,V
which is the desired result (the last equality follows from the fact that FV¯ /FU¯
is the completely same extension as FV /FU ).
(Case-2). Suppose that c is contained in U but not contained in V . Let U ′
be an open subgroup of G which contains U as a subgroup of index p (and
U is hence normal in U ′). Let V ′ denote the commutator subgroup of U ′.
We claim that we may reduce to the case in which θS,U ′,V ′(ξ) = ξU ′,V ′ holds;
indeed the desired equation holds if V ′ contains c by (Case-1). Assume that
V ′ does not contain c. Then the pair (U1, V1) = (U
′, V ′) also satisfies the
condition of (Case-2), and recursively we may obtain a sequence of pairs
{(Ui, Vi)}i∈Z≥0 such that (U0, V0) is equal to (U, V ) and Ui+1 contains Ui as
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its normal subgroup of index p (each Vi denotes the commutator subgroup
of Ui). Therefore there exists a natural number n such that Vn contains c
because we now assume that the commutator subgroup of G contains c.
We now apply the following theorem:
Theorem 9.5. The p-adic zeta function ξU ′,V for FV /FU ′ exists uniquely
as an element in K1(Λ(U
′/V )S).
This is the special case of the deep results of Ju¨rgen Ritter and Alfred
Weiss [RW7]. For the convenience of the readers, we shall give the sketch of
the proof in the following subsection.
Now assume that Theorem 9.5 is valid for a moment. Let canU ′,V denote
the canonical homomorphism K1(Λ(U
′)S) → K1(Λ(U ′/V )S). Note that
the element canU ′,V ◦NrΛ(G)S/Λ(U ′)S (ξ) is the p-adic zeta function “modulo
p-torsion” for FV /FU ′ by the interpolation property, and hence there exists
an element τ in U ′f/V ′f such that canU ′,V ◦NrΛ(G)S/Λ(U ′)S (ξ) coincides with
τξU ′,V (here we remark that the p-torsion part of K1(Λ(U
′/V )) coincides
with (U ′f/V f )ab = U ′f/V ′f because SK1(Zp[U
′f/V f ]) is trivial by [Oliver,
Theorem 8.10]). Then easy calculation verifies that the equation
ξU ′,V ′ = θS,U ′,V ′(ξ) = can
V
V ′ ◦ canU ′,V ◦ NrΛ(G)S/Λ(U ′)S (ξ)
= canVV ′(τξU ′,V ) = τξU ′,V ′
holds where canVV ′ : K1(Λ(U
′/V )S)→ Λ(U ′/V ′)×S denotes the canonical ho-
momorphism. This implies that τ is trivial. On the other hand, the norm
relation NrΛ(U ′/V )S/Λ(U/V )S (ξU ′,V ) = ξU,V holds since ξU ′,V is the p-adic zeta
function for FV /FU ′ . Therefore we obtain the desired equation
θS,U,V (ξ) = NrΛ(U ′/V )S/Λ(U/V )S ◦ canU ′,V ◦ NrΛ(G)S/Λ(U ′)S (ξ)
= NrΛ(U ′/V )S/Λ(U/V )S (ξU ′,V ) = ξU,V .
(Case-3). Suppose that c is contained in neither U nor V . In this case the
pair (U × 〈c〉, V ) satisfies the condition of (Case-2), and thus the equation
θS,U×〈c〉,V (ξ) = ξU×〈c〉,V holds. Then by using the commutative diagram
K1(Λ(G)S)
θS,U×〈c〉,V
//
θS,U,V ))TT
TT
TT
TT
TT
TT
TT
TT
Λ(U × 〈c〉/V )×S
NrΛ(U×〈c〉/V )S/Λ(U/V )S

Λ(U/V )×S ,
we obtain
θS,U,V (ξ) = NrΛ(U×〈c〉/V )S/Λ(U/V )S ◦ θS,U×〈c〉,V (ξ)
= NrΛ(U×〈c〉/V )S/Λ(U/V )S (ξU×〈c〉,V ) = ξU,V ,
which is the desired result.10
10We may derive the desired result for (Case-3) even if we only assume that
θS,U×〈c〉,V (ξ) = c
jξU×〈c〉,V holds for certain j (which we may verify by the arguments
similar to (Case-1)); hence the essentially difficult part is just (Case-2). Note that
NrΛ(U×〈c〉/V )S/Λ(U/V )S (c
j) coincides with (cj)p = 1 because cj is contained in the centre
of Λ(U × 〈c〉/V )×S .
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9.4. Outline of the proof of Theorem 9.5. In this subsection we shall
give the rough sketch of the proof of the following theorem.
Theorem 9.6 (Ritter-Weiss). Let p be a positive odd prime number and
F a totally real number field. Let F∞ be a totally real p-adic Lie extension
of F satisfying conditions (F∞-1), (F∞-2) and (F∞-3) in Section 1.1. Let
G denote the Galois group of F∞/F and suppose that the following two
conditions are satisfied:
(i) the Galois group G is isomorphic to the direct product of a finite
p-group Gf and the commutative p-adic Lie group Γ;
(ii) the finite part Gf has an abelian subgroup W f of index p (which is
automatically normal in G).
Then the p-adic zeta function ξF∞/F for F∞/F exists uniquely as an element
in K1(Λ(G)S).
Theorem 9.5 is the direct consequence of the claim above. Here we shall
give the proof of this theorem which is based upon the method of Kazuya
Kato in [Kato2]. In [RW7] Ju¨rgen Ritter and Alfred Weiss proved the more
general claim in another manner (refer also to [RW5, RW6]).
Sketch of the proof. Set W =W f × Γ and choose a generator λ of the quo-
tient group Gf/W f . Then we obtain the splitting exact sequence
1→W f → Gf → 〈λ〉 → 1.
Recall that Serre’s p-adic zeta pseudomeasure ξab (resp. ξW ) for F[G,G]/F
(resp. F∞/FW ) exists as a unique element in Λ(G
ab)×S (resp. Λ(W )
×
S ).
Step 1. Construction of the Brauer family F.
By identifying W f with a d-dimensional Fp-vector space, the action of λ
upon W f (which we regard as a left action) is described as the Jordan
normal form Jλ =
⊕t
i=1 Ji where each Ji is the Jordan block of rank mi
with eigenvalue 1. Then the summation of {mi}ti=1 equals d by definition.
Moreover each mi is less than p since the order of Jλ − id is just equal
to p. Let W f =
⊕t
i=1W
f
i be the corresponding generalised eigenspace
decomposition of W f . Fix a Jordan basis {ei,j}mij=1 of each Wi. Note that
the abelisation of Gf is identified with W¯ × 〈λ〉 where W¯ is the quotient
space of W f isomorphic to the subspace W ′ of W f spanned by {ei,mi}ti=1.
Now let X(W f ) denote the space of characters on W f . The cyclic group 〈λ〉
also acts upon X(W f ) from the right by
X(W f )× 〈λ〉 → X(W f ); (χ, λ) 7→ (χ ∗ λ : w 7→ χ(λw)).
It is clear that the fixed subspace of X(W f ) under this action is identified
with X(W¯ ) (use the Jordan basis above). By [Serre1, The´ore`me 17], every
irreducible representation of Gf = W f ⋊ 〈λ〉 is isomorphic to one of the
following types of induced representations:
• IndGfW f (χ1) where χ1 is an element in X(W f ) \ X(W¯ ),
• χ2⊗χ′2 where χ2 is an element in X(W¯ ) and χ′2 is a character of 〈λ〉.
We may, however, each χ2⊗χ′2 as a character of the abelisation Gf,ab of Gf .
Therefore an arbitrary irreducible representation of Gf is obtained as an
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induced representation of a character of either W f or Gf,ab; in other words,
the family F = {(G, [G,G]), (W, {e})} is a Brauer family for G.
Step 2. Additive theory.
Let θ+ab : Zp[[Conj(G)]]→ Zp[[Gab]] denote the abelisation homomorphism
and θ+W the trace homomorphism from Zp[[Conj(G)]] to Zp[[W ]]. Let
IW = 〈θ+W (w) =
p−1∑
k=0
λkw | w ∈W f 〉Zp[[Γ]]
be the image of θ+W in Zp[[W ]] and Φ the Zp-submodule of Zp[[G
ab]]×Zp[[W ]]
consisting of all pairs (yab, yW ) satisfying the following two conditions:
• the equation TrZp[[Gab]]/Zp[[W/Wc]](yab) = canW,Wc(yW ) holds;
• the element yW is contained in IW
where Wc denotes the intersection of W and [G,G], and canW,Wc denotes
the canonical map Zp[[W ]] → Zp[[W/Wc]]. Then θ+ = (θ+ab, θ+W ) induces
an isomorphism between Zp[[Conj(G)]] and Φ; indeed we may prove the
injectivity of θ+ by the same argument as that in the proof of Proposition 4.3.
Moreover we may also prove that
θ+W |Zp[[Conj(W ;G)]] : Zp[[Conj(W ;G)]]→ Zp[[W ]]
is injective where Conj(W ;G) denotes the subset of Conj(G) consisting of
all conjugacy classes contained inW (namely IW is a free Zp[[Γ]]-submodule
of Zp[[W ]] spanned by {θ+W ([w]) | [w] ∈ Conj(W f ;Gf )}). Now let (yab, yW )
be an element in Φ described as the following Λ(Γ)-linear combinations:
yab =
∑
w¯∈W¯
p−1∑
j=0
aw¯,j(w¯, λ
j), yW =
∑
[w]∈Conj(W f ;Gf )
a[w]θ
+
W ([w]).
Then the element y =
∑
w¯∈W¯
∑p−1
j=0 aw¯,j[(w
′, λj)] +
∑
[w]∈Conj(W f ;Gf )a[w][w]
satisfies θ+(y) = (yab, yW ) where w
′ is an element in W ′ corresponding to
w¯ via the (non-canonical) isomorphism W ′
∼−→ W¯ . Clearly Φ contains the
image of θ+, and they thus coincide.
Step 3. Logarithmic theory.
First note that IW is an ideal of the Zp-algebra Zp[[W ]]
〈λ〉 —the maximal
subalgebra of Zp[[W ]] fixed by the action of 〈λ〉—, and thus IW obviously
contains I2W . Moreover IW is contained in the augmentation kernel
JW = ker(Zp[[W ]]
augW−−−→ Zp[[Γ]]→ Fp[[Γ]])
because augW ◦ θ+W (w) = p holds for each w in W f . By the same argument
as that in Proposition 5.7, we may prove that 1 + JW is a multiplicative
subgroup of Λ(W )× and the p-adic logarithm induces a homomorphism
log : 1 + JW → Λ(W ).(9.6)
Next we shall prove that the restriction of the map (9.6) to the multi-
plicative subgroup 1 + IW is injective.
11 The kernel of the homomorphism
11By the argument in the proof of Proposition 5.7, the element xp is especially contained
in pΛ(W ) ∩ IW for x in IW . It implies that (1 + x)
−1 =
∑∞
j=0(−x)
j converges p-adically
in 1 + IW , and hence 1 + IW is a multiplicative subgroup of Λ˜(W )
×.
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(9.6) coincides with µp(Λ(W )) by Proposition 5.7, which is isomorphic to
µp(Λ(Γ)) ×W f by the theorem of Graham Higman [Higman] and Charles
Terence Clegg Wall [Wall, Theorem 4.1]. Note that W f is not contained in
1+ IW ; if x is an element in IW , its coefficient of the unit of W
f is divisible
by p because p is one of the free basis of IW over Λ(Γ). Therefore w − 1
is not contained in IW for each w in W
f except for the unit. Combining
this fact with triviality of µp(Λ(Γ)), the homomorphism 1 + IW → Λ(W )
induced by the p-adic logarithm is injective.
Step 4. Translation.
Let θab : K1(Λ(G)) → Λ(Gab)× denote the abelisation homomorphism
and θW the norm homomorphism NrΛ(G)/Λ(W ). Let Ψ be the subgroup of
Λ(Gab)× × Λ(W )× consisting of all pairs (ηab, ηW ) satisfying the following
two conditions:
• the equation NrΛ(Gab)/Λ(W/Wc)(ηab) = canW,Wc(ηW ) holds;
• the congruence ηW ≡ ϕ(ηab)mod IW holds.
Then we may prove that θ = (θab, θW ) induces a surjective homomorphism
K1(Λ(G)) → Ψ with kernel SK1(Zp[Gf ]) by the same arguments as those
in Sections 6.3–6.4; more precisely,
− the congruence θW (η) ≡ ϕ(θab(η))mod IW holds for η in K1(Λ(G))
by direct calculation (refer to [Taylor, Section 5, Lemma 1.7]); in
other words, Ψ contains the image of θ;
− for an arbitrary element (ηab, ηW ) in Ψ, there exists a unique element
y in Zp[[Conj(G)]] which satisfies
θ+(y) = (ΓGab(ηab), log(ϕ(ηab)
−1ηW ))
(recall that θ+ is isomorphic). By applying theory upon integral log-
arithmic homomorphisms, we may prove that there exists a unique
element η in K1(Λ(G)) satisfying ΓG(η) = y up to multiplication by
an element in SK1(Zp[G
f ]). The desired relation θ(η) = (ηab, ηW )
follows from the construction of η (mimic the argument in the proof
of Proposition 6.8).12
Note that SK1(Zp[G
f ]) is trivial because Gf has an abelian normal subgroup
with cyclic quotient (see [Oliver, Theorem 8.10]), and therefore the induced
homomorphism θ : K1(Λ(G))→ Ψ is an isomorphism.
Step 5. Localised version.
Let θS,ab : K1(Λ(G)S)→ Λ(Gab)×S be the abelisation homomorphism and
θS,W the norm homomorphism NrΛ(G)S/Λ(W )S . Set IS,W = IW ⊗Λ(Γ)Λ(Γ)(p)
and let ΨS be the subgroup of Λ(G
ab)×S × Λ(W )×S consisting of all pairs
(ηS,ab, ηS,W ) satisfying the following two conditions:
• the equation NrΛ(Gab)S/Λ(W/Wc)S (ηS,ab) = canW,Wc(ηS,W ) holds;
• the congruence ηS,W ≡ ϕ(ηS,ab)mod IS,W holds.
Then we may prove that ΨS contains the image of θS = (θS,ab, θS,W ) by
mimicking the argument in Step 4 (see also Section 7). One of the most
important points is the following fact: since Higman-Wall’s theorem also
12Here we use the injectivity of log : 1 + IW → Λ(W ).
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holds for R[W f ],13 the intersection of 1+ ÎW and µp(R[W
f ]) = µp(R)×W f
is trivial if we set ÎW = IW ⊗Λ(Γ) R (use triviality of µp(R) and mimic the
argument in Step 3), and hence the induced homomorphism
log : 1 + ÎW → R[W f ]
is also injective.
Step 6. Verification of the congruence.
Under these settings, we may prove the claim if we verify the congruence
ξW ≡ ϕ(ξab) mod IS,W
by virtue of Burns’ technique (see Section 2). It is, however, no other than
a special case of the Ritter-Weiss’ congruence [RW6, Theorem]. 
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